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Study of Some Simple Approximations to the
Non-Interacting Kinetic Energy Functional

Edison X. Salazar,*" Pedro F. Guarderas,™ Eduardo V. Ludena,'“*) Mauricio H. Cornejo,

and Valentin V. Karasiev!"

Within the framework of density functional theory, a study of
approximations to the enhancement factor of the non-
interacting kinetic energy functional Ti[p] has been presented.
For this purpose, the model of Liu and Parr (Liu and Parr, Phys
Rev A 1997, 55, 1792) based on a series expansion of T[p]
involving powers of the density was employed. Application to
34 atoms, at the Hartree-Fock level has shown that the
enhancement factors present peaks that are in excellent agree-
ment with those of the exact ones and give an accurate

Introduction

One of the challenging problems in density functional theory
(DFT) is how to express the non-interacting kinetic energy of a
quantum mechanical multibody system as a functional of the
density."'? Having such a functional is, of course, crucial for
the implementation of the orbital-free version of DFT.'" In the
Kohn-Sham formalism!? the non-interacting kinetic energy is
written as a functional of the N orbitals yielding N equations of
which the solution becomes more and more difficult as N
increases. For this reason, the use of a kinetic energy functional
which depends only on the density is an alternative to reduce
this problem. The use of orbital-free functional for the kinetic
energy certainly lowers the computational cost and permits DFT
to be applied to large many-particle systems and to solve a sin-
gle equation for the density, regardless of the value of N.

To find adequate density functionals for the kinetic energy is
difficult, due to the virial theorem, the kinetic energy is in the
same magnitude as the total energy. Hence, this functional must
have the same level of accuracy as the total energy (in contrast
with the exchange and correlation functionals which comprise a
small fraction of the total energy only). Since the work of
Thomas'"® and Fermi!™ along with many decades of effort, (for
reviews see Refs. 6,7,11,15) there has still been no satisfactory
approximation of this functional.'®2* A suitable form for the
non-interactive kinetic energy functional can be derived from
general principles; see for example, the derivation given in the
context of the local-scaling transformation.2>-21

This exact form corresponds to

rs[m:%jd?%+;jdr*pS/BmAN[p(fm, M

where the first term is the Weizsicker term® and the second

contains the Thomas-Fermi function p%3(F) times the
enhancement factor Ay[p(r);r] where p(r) is the one-electron
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description of the shell structure of these atoms. The applica-
tion of Z-dependent expansions to represent some of the
terms of these approximations for neutral atoms and for posi-
tive and negative ions, which allows T([p] to be cast in a very
simple form, is also explored. Indications are given as to how
these functionals may be applied to molecules and clusters. ©
2016 Wiley Periodicals, Inc.

DOI: 10.1002/qua.25179

density of the system. In this way, the challenge in modeling
Tilp] is shifted to that of finding adequate approximations for
the enhancement factor Ay[p(r);r], which is considered as a
functional of p.

Among the alternatives for the non-interactive kinetic
energy functionals’®”’ produced over years, this article focuses
on the one introduced by Liu and Parr,l" which expands it as
a power series of the density p(r). It generates an explicit
expression for the enhancement factor as a functional of the
one-electron density. A variational calculation based on this
expansion has recently been given by Kristyan.?%>%

In this article we analyze the representation of the enhance-
ment factor via the Liu-Parr series expansion and compare it
with the orbital formalism. This will be tested on atoms of the
first, second and third row of the periodic table. In addition,
we explore the possibility of simplifying the Liu-Parr functional
by introducing Z-dependent expressions for some integrals
containing p(r). Finally, bearing in mind that the mathematical
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framework is presented rather concisely in the original Liu and
Parr’s article,"! we include a more extended demonstration of
their second theorem in the Appendix. We expect that this
may contribute to a better understanding of the Liu and Parr
approach and foster its applications.

The Enhancement Factor

Some properties of the enhancement factor

The Weizsacker term in eq. (1) is local®" so the non-local part

of the kinetic energy functional must be embodied in the
non-Weizsacker term, that is, in the enhancement factor. As
was pointed out by Ludena,*? the non-Weizsacker term con-
tains the derivative of the correlation factor for the Fermi hole
(see eq. [38] of Ref. 32). Hence, the enhancement factor con-
tains terms responsible for localizing electrons with the same
spin in different regions of space giving rise to shell structure.
This phenomenon stems from the non-locality of the Fermi
hole which may be described in terms of charge depletions
followed by charge accumulations producing polarizations at
different distances.®”

This non-locality of the kinetic energy functional is well rep-
resented by orbital expansions

(0] = i[dfwi*(f)wm @

given in terms of gradients in eq. (2) or of Laplacians in eq.
(3). Equations (2) and (3) are connected by integration by parts
where the surface term goes to zero. Combining egs. (1) and
the gradient representation of eq. (2) yields the following
exact orbital representation for the enhancement factor:

2 1EA_
AN[p(m{gbi}ﬂ:W(ngimwm .
_1|Vp(r7|2)
8 p(r) /

Obviously, when modeling the enhancement factor in terms of
a series of the one-electron density one would like to repro-
duce the same characteristics as in orbital representation.
Thus, in addition to yielding a desired accuracy for the non-
interacting kinetic energy, the approximate enhancement fac-
tor should satisfy the condition>¥:

Anlp(r);r] >0 for all r (5)

and should also be capable of generating shell structure. In
this respect, the Ay[p(r), {¢;};r] as given by eq. (4) differs by a
constant only from the function y(r)=D(r)/Dn(r) introduced
in the definition of the electron localization function (ELF, Ref.
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35). Moreover, bearing in mind that ELF and similar functions
have been successfully related to shell structure of atoms and
molecules,***¥ it is clear that any proposed model for the
enhancement factor must also agree with this requirement.

A popular generalized gradient approximation (GGA) for the
kinetic energy takes the form!**!

Ts[ﬂ]=TW[P]+JdFPS/3(7)F[S(F)]7 ©

where Ty[p] is the Weiszicker term™®, and FIs(F)] is the Pauli
GGA enhancement factor'™ containing
Vp(r
7T ,
2(3n2) 7 p*3(F)

The variable s(r) is the reduced density gradient describing
the rate of variation of the one-electron density. Large values
of s(r) correspond to fast variations on the one-electron den-
sity and vice versa.® The above approximation of the Pauli
term containing GGA factor F[s(r)] is the basis of the conjoint
gradient expansion of the kinetic energy introduced by Lee,
Lee, and Parr.*”!

A full review of the functionals of the kinetic energy
expressed in terms of the one-electron density and its deriva-
tives is given by Wesolowski.™ For some more recent repre-
sentations of the enhancement factor of the non-interacting
kinetic energy as a functional of p and its derivatives Vp, V?p,
etc., see Refs. 18,20-22,48-50. However, in the present work
we examine a different approximation to the enhancement
factor in eq. (1), namely, a representation of Ay[p(F);r] as a
local functional of the one-electron density.""

An approximate representation of the enhancement factor

We adopt the Liu and Parr'" expansion of the non-interacting
kinetic energy functional given in terms of homogeneous
functionals of the one-electron density:

i
?

T|_p97 [p] = Z CJ |:J dfph +(2/3))] (F):l (8)
=

where in Tipos[p] the index LP97 stands for Liu and Parr and
the year of publication. Following the original work, we trun-
cate eq. (8) after j=3 as

Tipoz[p]= Cr, J drp®/3(r)

2
+Gr, H dr”p““(rﬁ} )
3

+Cr, Ud?p”/g(ﬂ}

Liu and Parr'" have determined the coefficients Cr's by least-
square fitting and setting p=py;, the Hartree-Fock density:
Cr,=3.26422, CGr,=—0.02631, and Gy, =0.000498 (a typographical
error in the values of the coefficients in the original article, has
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Figure 1. Kohn-Sham based enhancement factor (dotted blue), approximate enhancement factor in eq. (12) (dashed brown) with 1 =0, with 1= % (dotted
green), approximate enhancement factor with 9th-degree Z polynomial and /=7 (dotted orange) in eq. (17), and radial distribution function of the den-

sity (full red) for the atoms: 1 (a) Na, 1 (b) Al, 1 (c) Ni, 1 (d) Kr.

been corrected). This expansion provides a very simple way to
express the kinetic energy as a local functional of the density.

In this context, an approximate expression for Ay[p(r);r] as
a functional of the one-electron density can be found from
eqgs. (9) and (1):

Aol )= 2(Cr +Crop™ V37| P57

2
+Grp () U dfp””m} (10)

RG]

8 ()

Local corrections to the enhancement factor

Using egs. (4) and (10), the graphs for Kohn-Sham based ver-
sus current approximate enhancement factors are plotted in
Figures 1a-1d for the Na, Al, Ni, and Kr atoms. Calculations for
these atoms do not include relativistic corrections. One can
see that the Kohn-Sham based enhancement factor is a posi-
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tive function, in contrast to the approximate one which shows
negative regions violating eq. (5).°"

Due to the fact that the kinetic energy is not uniquely
approximated in DFT and, as illustrated by egs. (2) and (3),
there are expressions that yield different kinetic energy
locally in spite of the fact that they integrate to the same
value. It is possible to modify the non-positive approximate
enhancement factor by adding terms that do not alter the
integral value of the non-interacting kinetic energy, but make
contributions locally to the enhancement factor to become
positive. This is an acceptable procedure in view of the non-
unique nature of the definition of the local kinetic energy
expressions.'>2->%

In this way, we have added a term to the non-interacting
kinetic energy expression using the Laplacian of the density
times an arbitrary real valued constant 4 as

2
Ts[p]= Gy, Jdl_"ps/3 (N+aG, U drp*/3 (F')]
i (a1
c Ud?p””(?)} -MJdFVZp(F).

This extends eq. (10) for a new approximate enhancement
factor:
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Figure 2. Interpolation curves for the values of the [ dr p*/3(F): a) a 3rd degree polynomial P4/3(Z3) (full blue) for 36 atoms and a 3rd degree polynomial

Pas
red) for 34 positive ions.

Anapprlp]=2(Cr, +Cr,p13(F) [dfp“/ ()

+Gp 20| drp o] 12
V2p(F) _1[Vp(P)*
+/1p(7)5/3 ) 0873 (7) )

This additional term does not alter the integral value of the
kinetic energy because the integral of the Laplacian of the
one-electron density is zero.”>*® The improvement from this
additional term in eq. (12) for the Na, Al, Ni, and Kr atoms are
shown in Figure 1.

We note that the new A-dependent enhancement factor in
eg. (12) closely reproduces the behavior of the Kohn-Sham
based ones in the regions where the highest peaks are located.
In all cases the agreement is quite good both for the first, and
second shells. For Ni, the approximate enhancement factor is
slightly below the Kohn-Sham based one in the region corre-
sponding to the third shell. For Kr, however, the agreement is
good for all shells although the tail is steeper for large 7.

As seen, the asymptotic behavior of the A-dependent
enhancement factor in the region where r — 0 shows nega-
tive values in all cases studied. However, this behavior in Ay
does not necessarily produce a problem for interatomic
forces, as these forces are calculated by using the orbital-
free analogue of the Hellmann-Feynman theorem (see eqs.
(21-A2) in Ref. 57), for example, in molecular dynamics.
According to these equations, the forces are defined by the
one-electron density and the external potential, and thus,
they do not depend on the local behavior of the kinetic
energy density. On the other hand, in the region where r
becomes large, that is, outside the atomic shells, the behav-
ior of the approximate enhancement factor follows the
trend of the exact ones, for example, in the cases of Na, Al,
and Kr, although in the latter, the approximate enhance-
ment factor grows more pronounced than the Kohn-Sham
based one. In the case of Ni, however, one can observe a
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(Z) (dashed red) for 34 positive ions, and b) a 9th degree polynomial Py/3(Z°) (full blue) for 36 atoms and a 9th degree polynomial PZB(Z") (dashed

divergence in the behavior of the tail of the approximate
enhancement factor. We mention that divergences in the
tail region are not relevant and do not contribute to the
kinetic energy value due to the fact that these divergences
are suppressed by the exponentially decaying one-electron
density tail.

Further Approximation of the Enhancement
Factor with Z-Dependent Polynomials

The enhancement factor Anappr in eqg. (10), depends on two
integrals, [drp*3(F) and [dFp''/°(F). The values of these
integrals, evaluated with p = pyg are functions of the atomic
number Z We have selected to display this Z-dependent
behavior in Figures 2 and 3. In these figures, the dots on the
blue lines represent the values of the 4/3 and 11/9 integrals
for the neutral atoms, respectively. These values are interpo-
lated using the polynomial expansions: [ dF p*?(F) ~ P4/3(Z")
and [dr p""/°(F) ~ Py1/9(Z") where n is the degree of the Z
polynomial. The blue lines in Figures 2a and 3a represent the
approximations given by the third-degree polynomial Z3. Simi-
larly, the blue lines in Figures 2b and 3b correspond to the Z°
polynomial approximation. The least square fit of these inter-
polation polynomials has yielded

Pas3 (Z3)= —0.9691803682+0.78542086997

(13)
+0.077614585272—0.000158121923,

P4/3(Z°)= —1.0960551055+1.8518814624Z
—0.59915195507%+0.154967574123
—0.018068792524+0.00123126192° (14)
—0.00005172847°+0.000001325277
—0.000000019028+0.00000000012°

Pi11/9(Z%)= —0.7540383360+0.8813316184Z

15)
+0.03734532072%—0.000140869123,
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Figure 3. Interpolation curves for the values of the .]'de”/g(F): a) a 3rd degree polynomial P11/9(Z3) (full blue) for 36 atoms and a 3rd degree polynomial

Piise
(dashed red) for 27 negative ions.

P11/9(2°)= —0.8077949490+1.63559905887
—0.483762928372+0.125529898973
—0.0150967704Z%+0.00104419632° (16)
—0.00004397072%+0.000001119627
—0.000000015928+0.00000000012°.

Thus, the enhancement factor takes the following form
(where n is the degree of the Z polynomial) for atoms

1 -
SAD aper[0, Z]=Cr, +Crp VP (F)Pay3(27)

+CT30‘4/9(7)P11/9(Z”)2
V2p(7) a7
+A 53
p(r)

RN
8 p8/3(r)

Also, this leads to the following approximation for the non-
interacting atomic kinetic energy functional

Tieo7+20[p, Z] =G, Jde5/3(7)
+CT2Jde4/3(F)P4/3 (zM (18)

+G | drp 5 (0)Pr 2

Application to neutral atoms

The absolute relative percentage errors of the kinetic energy
values for neutral atoms are presented in Figure 4. These
errors were calculated with respect to the Ty values reported
by Clementi and Roetti®® and are defined by
Ae(Ty) = |(Ti—Twe) /The| X 100. The lines in Figure 4 correspond
to the Liu-Parr functional Tipg; and to the Z-A-dependent

Wiley Online Library

(Z®) (dashed red) for 27 negative ions, and b) a 9th degree polynomial P;;,9(Z°) (full blue) for 36 atoms and a 9th degree polynomial Pa/g(lg)

functionals T pg;. 5 and T pg;. 9. The Z-/-dependent function-
als were evaluated both with the Liu-Parr original coefficients
as well as with optimized ones.

The graphs of these new Z-1-dependent enhancement fac-
tors in eq. (17) are also plotted in Figure 1 (dotted orange),
coinciding with those of the locally adjusted /-dependent fac-
tors (dotted green) from which they are visibly almost
undistinguishable.

Application to positive and negative ions

We have also examined if the approximate functionals dis-
cussed above are applicable to positive and negative ions. For
this purpose, we present in Figures 5 and 6 the absolute rela-
tive percentage errors for positive and negative atomic ions,
respectively. Figure 5, Ae(T{py;) corresponds to the Liu-Parr
functional Ty po7, €q. (9), evaluated using the same optimized

3.0

—e— ATy, MAD = 0.222
A6Trpg7,2 MAD = 0.129
AT pgy, 22, MAD = 0,166
- AsT{pg7,z MAD = 0.320
-8~ AT pgr,z» MAD = 0.224

Relative percentage error (%)

0.5 o

0.0

Atomic Number (Z)

Figure 4. Relative percentage error Ae(Ti) for neutral atoms, for T, eq.
(9), with Liu-Parr coefficients; TLbP97+23' eq. (18), with reoptimized coeffi-
cients (Cy, = 3.1336517827, Gy, = —0.0043445677, and Cr, = —0.0000345496);
Tfpg7+zg, eq. (18), with reoptimized coefficients (Cy, =3.1257333712,
Gr, = —0.0030202454, and Cr, = —0.0000669074); T4, ., eq. (18), with Liu-
Parr coefficients; Tfp97 700 €G- (18), with Liu-Parr coefficients.
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e i

Relalive percentage error (%)

Atomic Number (Z')

Figure 5. Relative percentage error A¢(Ti) for positive ions, for Ty, €q. (9),
with Liu-Parr coefficients; TS, eq. (9), with reoptimized coefficients
(Gy, = 3.1288539558, Cy, = —0.0034574267, and Cy, = —0.0000591469);
TL}QHZQ, eq. (18), with both Z° and Liu-Parr coefficients for neutral atoms;
(po7+7 €0 (18), with Z° for neutral atoms and reoptimized coefficients
(Cr, =3.1267059586, Cr, = —0.0039716465, and Cr, = —0.0000518778);

Too7.70 €4. (18), with 73 for positive ions and reoptimized coefficients

(Gy, =3.1370019499, G, = —0.0048541396, and Cy, = —0.0000240227).

coefficients as those of neutral atoms but the densities of
positive ions taken from the Clementi-Roetti tables. Similar
results are presented by Ae(T%gy;) for negative ions in Figure
6. Ae(Thy,) in Figure 5 corresponds to the functional Tipe;
evaluated with the densities for positive ions and reoptimized
coefficients. Similarly, Ae(T5,,) in Figure 6 gives the corre-
sponding values for negative ions.

In order to assess whether the Z” approximations for neutral
atoms can be transferred to positive and negative ions, we

present in Figures 5 and 6 the values of Ae(TS,,, ) for posi-
tive and negative ions, respectively. The functional T,

was evaluated via eq. (18) with the Z° polynomial and the
Liu-Parr coefficients fitted for neutral atoms and the
Clementi-Roetti densities for positive and negative atomic
ions, respectively. In the graph for Ae(TSPQHZg) of Figures 5
and 6, the same results are presented for the case of the Z°
polynomial approximation for neutral atoms, but the coeffi-
cients have been reoptimized. In the graph for Ae(Tg,,, ,5) of
Figures 5 and 6, we present values of the non-interacting
kinetic energy calculated by eq. (18), but the Z* polynomial
approximation was fitted for each particular case, and also,
the coefficients of the homogeneous functional expansion
were reoptimized.

The values of Ae(T5,) in Figures 5 and 6, indicate that the
Liu—Parr homogeneous functional expansion works quite well
for positive and negative atomic ions. Making use in this anal-
ysis of the mean absolute deviation of the Ae(T))s, namely, the
MAD values, we see that in the case of positive ions, the MAD
value is 0.133, while for negative ions, 0.107. In both of these
cases, the accuracy increases with atomic number. The trans-
ferability of the Z” polynomial approximation for neutral atoms
as well as the use of the Liu-Parr coefficients (optimized for
neutral atoms) may be assessed by examining the values of Ae

(To7420) In Figures 5 and 6. The results show a MAD value of
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0.202 and 0.213 for positive and negative ions, respectively.
Again, the approximation improves with the increasing atomic
number. These results are, in fact, quite comparable to those
of the original Liu-Parr expression [eq. (9)]. Obviously, the best
fit is obtained when both the Z” function and the coefficients
have been optimized for the ions. The MAD values in this case

are 0.121 and 0.080, respectively, for positive and negative
ions.

Extensions to molecular systems and clusters

Based on our previous work,” a good approximation of the
kinetic energy enhancement factor for two neighboring atoms
in molecular environment is given by the sum of the atomic
enhancement factors of the participating atoms. Let us con-
sider an electronic system, a molecule or a cluster which con-
tains M atoms. We divide the whole space into M subvolumes

the system composed by the same atoms the space can be
divided as

FeQn if min|[f—Rg|=|F—Ral, (19)
where the vectors EA and ﬁB denote the nuclear positions,
and thus, R®=U}" Q. The one-electron density of a system
formed by M atoms is p(r) = P(Fv{ﬁA}A:u.,M)f indicating the
nuclear coordinates in the argument. Let us define

pa(r) = p(r' € Qp). (20)

For any particular one-electron density p(r) of the molecular
system, p,(F) is the corresponding one-electron density associ-
ated with an atomic volume Q,. Bearing this in mind one may
write the second term of eq. (1) as

3.0

]
g %
25 d o a

i t —e—  MsTipgy, MAD =0.234

! \

] \ . 86TF g7, MAD = 0.107

I
g ] i AsTipg7,20 MAD =0.213
= - 'l L
5 = i L “o== AsTipgy,z MAD =0.113
5 4 ! -8~ AsTipgr,z MAD = 0.080
s v
H = \
§ 15 \
: |
=2 L &
H . \
] 1
1.0
['4

05 <

e FECO Ny

0.0

Atomic Number (Z7)

Figure 6. Relative percentage error A¢(T;) for negative ions, for Ty, eq.
(9), with Liu-Parr coefficients; TS, eq. (9), with reoptimized coefficients
(Gy, = 3.1248445957, (i, = —0.0027038794, and Cy, = —0.0000764926);
TQ,QHZQ, eq. (18), with both Z° and Liu-Parr coefficients for neutral atoms;
(po717o €. (18), with Z° for neutral atoms and reoptimized coefficients
(Gr, =3.1218035155, Cy, = —0.0022915847, and Cy, = —0.0000868695);
Tpo727+ €4 (18), with Z? for positive ions and reoptimized coefficients
(Cr, = 3.1326163517, Cr, = —0.0040144747, and Cr, = —0.0000443462).
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= %AZ:J dFpy (F)An[pa(F); ]

Qp

21

The plausibility of this separation stems from the fact that the
enhancement factor is defined for a given atom, or atomic
region, which has yielded satisfactory results for the non-
interacting kinetic energy also, when the charge of the neutral
species is either increased to a negative ion, or decreased to a
positive one.2>®% However, there is some indirect evidence
that the Liu-Parr expansion and approximation given by egs.
(1) and (12) should work for molecules without partitioning
the whole space into atomic subvolumes."®" Certainly, a divi-
sion into subvolumes is required if one uses the polynomial
representation eq. (17) for An. Application of these ideas to
molecules and clusters will be dealt with elsewhere.

Conclusions

In the present work we have explored the possibility of
expressing the enhancement factor Ay[p(r); ] of the non inter-
acting kinetic energy functional solely as a function of the
one-electron density p(r). This has been accomplished with
the help of the Liu and Parr power series of the density.

We have analyzed the behavior of this approximate expres-
sion for An[p(F);r] in the case of first, second and third row
atoms (except H and He of which the kinetic energy functional
is exactly given by the Weizsacker term). The expression for Ay
[p(F);r] in eq. (10) violates the requirement of positivity in
some regions; however, when a local correction term 1V?2p(F)
/p(r“)‘r’/3 is added to this expression, the profiles become excel-
lent as those of the enhancement factors derived from orbital
representations. More specifically, for the second row atoms
Na, Al, and Ar, the locations and heights of the maxima gener-
ated by the J-dependent approximation Ay[p(r); ] in eq. (12)
fully coincide with those obtained from orbital representations
in eq. (4). In the case of the third row atoms Fe and Ni,
although the location is in perfect agreement, the maxima cor-
responding to the third shell fall below the exact ones. An
exception is the Kr atom, where both location and height
coincidence is quite good. The asymptotic behavior of these
J-dependent functions near the nucleus shows a negative
divergence in all cases studied. At large distances from the
nucleus of the Fe and Ni atoms we have observed a diver-
gence, but in all other cases the asymptote follows the trend
of the exact enhancement factor.

In addition, we have introduced a Z-dependent approxima-
tion in egs. (13-15) to replace the integrals [drp*3(F) and
[drFp"'/°(F) of the enhancement factor, eq. (10). The non-
interacting atomic kinetic energy density functionals generated
from these new Z-dependent enhancement factors [eq. (17)]
show a behavior very close to the Liu-Parr functional T, po;.
Inspecting the MAD values for functionals T po; (0.222),
Tipo74z2 (0.329), and T pg; 79 (0.224) evaluated with the Liu-
Parr optimized coefficients, we conclude that the functional

Wiley Online Library

Tipo7+7o Performs as well as the Liu-Parr functional Tjpg;. How-
ever, with our re-optimized coefficients for the Z-dependent
functionals, we have obtained the MAD values 0.129 and 0.166
for Tipg;172 and T pgy. 79, respectively, thus showing a closer
relationship to the exact Hartree Fock values. The behavior of
the approximate enhancement factors in case of the Z-
dependent functionals is almost the same as the A-corrected
Liu—Parr functionals.

With the Z-J-representation of neutral atoms extended to
positive and negative ions, see Figures 5 and 6, our non-
interacting atomic kinetic energy density functionals perform
quite well, even when we use the same Z” functions as well as
the Liu-Parr coefficients (the latter were adjusted for neutral
atoms).

In summary, based on both the Liu-Parr power series den-
sity expansion and on the replacement of two integrals of this
expansion by Z-dependent functions, a very simple form for
the non-interacting kinetic energy enhancement factor has
been found. These functionals bypass the usual gradient
expansion representation, leading to non-interacting kinetic
energy values which closely approximate (see the correspond-
ing MAD values) the exact ones calculated from Hartree Fock
wave functions. Moreover, the addition of the atomic enhance-
ment factors opens a possible way to extend the present func-
tionals to molecules and clusters.
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APPENDIX

Liu and Parr Theorem 2 Revisited
For better understanding, we analyze some lines left out
in the original proof of Theorem 2 of Liu and Parr.'"!

Theorem 2. Given the functional

Q[pl=G[H, (A1)
where H; is a homogeneous and local functional, if it is homo-
geneous of degree m in coordinate scaling, it takes the form

) j
Q=G U d?p[1+(m/3/)](f')] 4 (A2)
Furthermore, if Qjlp] is homogeneous of degree k in density
scaling, j is determined by the relation

k=7

3 (A3)

Proof. It is known that any strictly local functional L[p] satisfies
the identity

oLp]
op(r)

Llp]=— _'[ A7 7 Vp(P) (A%)

International Journal of Quantum Chemistry 2016, DOI: 10.1002/qua.25179


http://q-chem.org/
http://onlinelibrary.wiley.com/

8

FULL PAPER

Taking the functional derivative of eq. (A1) with respect to p,
that is:

505;[’) LG 5?’[’) ] (AS)
and rewriting eq. (A1), we have
Q)= G (Hply
= GHlpl o)
- c,(-; [arr- o S ) i) "
-5 | @i S

S Y (g 0Qy[p]
—-glam v L.

Because Q; is homogeneous of degree m in coordinate scaling
it follows that

0Q; [P]
dp(r)

*Jd?p(?)? v mQy[p)- (A7)

Thus, if we integrate this equation by parts, we obtain

deFp(rﬁf‘ Nuelll =JdF[F~ Vo)

o
p(f)éo[ ] A8)
iLP
+3p()] 5 G
and by replacing eq. (A6) into (A8), it is found
= 0Q[p] _ m+3j
[ a0 5 =52 0l (A9)

This shows that Qj[p] is homogeneous of degree (m + 3j)/3 in
coordinate scaling. On the other hand, Hjlp] is homogeneous,
that is,

o= a7 1o(7). (A10)
so that if we replace eq. (A10) into eqgs. (A1) and (A5) and
these in turn into eq. (A9) we have
jdrpmw[pn W) "3 G (rlp])
(A11)

(
2 (e

jdr oD
d

oo -Jo (o5

If the two integrals are equal it follows:
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dfi(p) ( m)
p(r =(1+—= |fi(p). (A12)
Therefore, we have to solve a simple differential equation
[ (1 +m) dp(7)
fi(p) 3j) p(r)
)= (145 ) mp(r)+ (13
fi(p)= Gl (),
where G is a constant of integration. This leads to:
Hlol=G | dr o 7 (n14)
and
Q=G| [drpt - <F>} (a15)
Finally, we see from eq. (A9) that k is (m + 3))/3, thus
m
j=k——. A16
J 3 (A16)

Keywords: density functional theory - enhancement fac-
or - Kohn-Sham formalism - kinetic energy functional
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