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Issues for group discussion

-  Thermodynamics for non-uniform systems from
statistical mechanics: criteria and functionals.
Variational formulation and equivalence to DFT.

Opportunities — Legendre transforms to new
variables; first and second derivatives; bounds.

Challenges - extensivity; charge neutrality
(electrons and ions)

« Equilibrium structure (response) from Ornstein-
Zernicke identity.

« Equivalent versions of classical and quantum DFT




Thermodynamics from statistical mechanics
Abstract thermodynamics
S = S(U,N,V) concave (stability)
S(AU,AN,A\V) = AS(U,N,V) (extensive)

oS 1
a0 =7 >0 invertible U= U (S, N, V)

Figure 1. Plaster model of the equilibrium states of water constructed by James Clerk
Maxwell and sent as a present to Josiah Willard Gibbs. (© The Cavendish Laboratory,
University of Cambridge)



Abstract thermodynamics
S = S(U,N,V) concave (stability)

S(AU, AN, AV) = AS(U, N, V) (extensive)
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oU = T >0 invertible U = U(S,N,V)
Legendre transform U, N — T,u= —T%
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Realization from statistical mechanics
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Legendre transform T.V,u(xr) — T,V,n(r)
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OF(T,V|n)
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F(T,V | n) strictly convex, so invertible: n(r)=n(r,T | )

Existence of Q(7,V,p) ?
H-stability (no collapse) V(qi,..qy) > —BN (classical) = E; > —BN (quantum)
Tempering (no explosion) V(N,, Ny) =V (N,)=V (N,) < Cr=G+IN, N,

Extensive ImQ(T,V | u) — Vw(T | )



Variational formulation

Q. (T,V |n)=F(T,V |n) /’ (independent)
\ \ Convex inn

0Q, (I\V |n) OF (I,V |n)
on (r) -0 on (r) —plr)

Euler eq.
solution n(r)=n.(r, 7T |p) = Q. V | n)=Q(T,V|p)

( Same as DFT )

Dual variational formulation

Fa(TV 1) =TV )= [ don o
Concave in p(r)

Euler eq. 0Q(T,V | p)
ot (r)

= —n(r)



Opportunities from thermodynamic connections

New functionals, properties
dUT,V | )
dT

py=—S(T,V | p)

(LV [p)  dUTV | p) |
O (r) dT v

U(S,V [ ) = T,V | 1) — fdru(r)m

Convexity constraints (stability)
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Structure / fluctuations from functional derivatives



Response from free energy functional

Response function
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(classical) —n(r)[d(r—1)+n(r)(g(r,r"T.V | p)—1)]
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Inverse response
P n (r)on (1) 2 on (1)

F(T,V|n)=F9(T,V|n)+ F.(T,V |n)
10°Fe (T.V | m)
T on(r;)on(ry)

c(ry,ra: T,V | n) =

Ornstein-Zernicke Xex = —X{D) * C X{D) — Xm} * C* Xeg

Useful ? Fo.(T.V|n)—=c(rra; T,V | n) — x(r,0" T,V | p)

X(r, TV | p) = c(r,ry; T,V [n) = F, (T.V | n)



Challenges — extensivity, ensemble equivalence
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Example: ideal Fermi gas
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Electrons and 1ons

H for electrons and ions not bounded; Coulomb interaction not tempered; systems
with net charge not extensive (no thermodynamics)

Problems solved for charge - neutral quantum electrons — ion systems
How to do DFT for electrons in external potential of ions?

1) One component (electrons) in external potential. Electron functionals are not
thermodynamic.

Electron gas Inhomogeneous electron gas

Solution: add positive and negative uniform backgrounds

Jellium Inhomogeneous jellium



2) Two component (charge neutral electrons and ions) in external potential.
Electron-ion functionals are thermodynamic. (Dharma-wardan/Perrot (1982))

Q(T:' V | H‘) — Q(T: |4 | Mep“i)

SUT, V| e, i OQ(T, V| pe, i
PV o) = 0V L) [ (P20 0 gy 20 1, )
Opte (r) Ofte (1)
Coupled set of Euler equations
OF(T,V | ne,n; OF(T,V | ng,n,
LV o)y, LV en)

0ne (r) on; (r)

but, charge neutrality constraint

Ope (r) Ofte (r)

SUT.V | pho. 113 ST,V | e, s
fdr( (T, V| e, 1) 7 ( | p “)):0



Exact classical map
(Dharma-wardana/Perrot (2000); Dufty/Dutta (2012))

H—uN =K + Z o(r;, 1) — /dru (r)n(r) H,—pN = K + Z Oe(rs, 1) — /druc (r)n(r)
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How to invert? These are the Euler equations of the classical dual
variational theory above !



Questions?

Comments?

Complaints?




