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ABSTRACT: High-throughput searches for spin-crossover molecules require Hubbard-U
corrections to common density functional exchange-correlation (XC) approximations. However,
the Ueff values obtained from linear response or based on previous studies overcorrect the spin-
crossover energies. We demonstrate that employing a linearly mixed ensemble average spin state
as the reference configuration for the linear response calculation of Ueff resolves this issue.
Validation on a commonly used set of spin-crossover complexes shows that these ensemble Ueff
values consistently are smaller than those calculated directly on a pure spin state, irrespective of
whether that be low- or high-spin. Adiabatic crossover energies using this methodology for a
generalized gradient approximation XC functional are closer to the expected target energy range
than with conventional Ueff values. Based on the observation that the Ueff correction is similar for
different complexes that share transition metals with the same oxidation state, we devise a set of
recommended averaged Ueff values for high-throughput calculations.

The interactions between transition metal ions with
surrounding homoleptic or heteroleptic ligands result in

a splitting of the d-manifold that favors a low-spin (LS) state if
the metal−ligand interaction is strong or a high-spin (HS)
state if it is weak.1 For intermediate strength interactions,
reversible switching between the two spin-states can be
possible2 if the interactions are responsive to an external
perturbation such as temperature or pressure change, light
pulse, or applied magnetic field. Such switching is known as
spin-crossover (SCO). Example systems include metal−
organic complexes that switch not only the spin-state but
also their electronic state and coordination structure. Those
concurrent changes make such molecules particularly attractive
for electronic devices in memory, display, and sensing
applications.3,4 Therefore, an obvious goal for theoretical and
computational materials studies is to search and screen for
promising SCO candidate molecules and their aggregates.5−9

For such a search of SCO materials, the dominance of
predictive calculations of molecular and condensed phase
properties based on density functional theory (DFT) weighs in
favor of using it. Relatively simple exchange-correlation (XC)
density functional approximations (DFAs) are important in
this context because the size and complexity of bistable
molecular complexes pose a computational cost challenge. For
example, adiabatic crossover energy differences have been
matched with good accuracy by using hybrid DFAs that
include an explicit single-determinant exchange contribu-
tion.10−14 However, the relatively high computational cost of
hybrid DFAs and the sensitivity of their predictions to the
hybridization fraction13,15,16 constitute a significant barrier to
computational large-scale screening and exploration. There-

fore, the use of generalized gradient approximation (GGA) or
meta-GGA density functionals remains important.
It is well-known, however, that the proper theoretical

description of the d-manifold for the molecules of interest
poses a problem for such currently available cost-effective
DFAs. The difficulty is that they have spurious self-interaction
and fail to have proper derivative discontinuities in the total
energy.17−19 Those issues arise either with respect to the total
number of electrons defined in a special grand ensemble or
with respect to the total spin�but not particle number�in
the same kind of special grand ensemble.20,21

Several approximate prescriptions have been proposed to
counteract the self-interaction and to handle the static
correlation that underlies its severity.22−25 For strong
correlation, the Hubbard model often is used as a computa-
tionally efficient alternative to describe the localized d-orbital
population. The magnitude of the Hubbard-U parameter is
considered to be a linear response property of the transition-
metal d-electrons,26 whereas the remaining valence electrons
are treated with a conventional DFA.27 The combination is
known as DFA+U. The caveat, however, is that the Hubbard-U
magnitude lacks a unique definition; hence, different
determination methods yield different U values.28−32
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An appealing feature of DFA+U for the description of the
molecular bistability characteristic of spin crossover transitions
is the partial restoration of proper piecewise linear behavior of
the total energy with respect to the on-site orbital occupation.
The Hubbard correction introduces a discontinuity in the
potential that acts on the localized d-states. That, in turn,
compensates for part of the missing derivative discontinuity in
the approximate XC potential.33,34 For localized states that
correspond to the frontier orbitals from the valence and
conduction manifolds, an adequate Hubbard-U value improves
the description of the electronic state for an otherwise omitted
or inadequate treatment of correlated electrons.35

The partial corrective effect of using the Hubbard-U
resembles that of single-determinant exchange in hybrid
DFAs,36,37 although they are not designed for strong
correlation. In crossover transitions, both approaches are
known to stabilize the HS relative to the LS state as their
contributions increase.13,15,16,38−41 However, that signals
another problem. The large Hubbard-U values that often are
the result of a conventional linear-response method can lead to
inconsistent crossover descriptions.40,42−45 Note, for example,
the approach taken in ref 45, an empirical fitting of a single U
independent of the LS or HS state. The remark at the end of
Section 2.4 of that reference states that the “...method does not
seem suitable to describe the spin-state energetics of SCO
compounds...” because “...the resulting U values are, thus,
overestimated...”. Essentially, the problem is one of over-
correction that is problematic for high-throughput screening.46

In what follows, we avoid fitting U values to match
experimental data and instead address these issues by
determining a single nonempirical Ueff from an ensemble
average between the configurations of both spin-states that
serves as a realistic reference state. Results for a set of bistable
species show that crossover energies improve with this
methodology when it is used with an orbital-independent,
hence low-cost, DFA. We also observe that the calculated
correction is similar for different complexes that share
transition metals with the same oxidation state. Based on
that observation, we provide a set of recommended effective
Hubbard-U values for a series of 3d transition metal ions for
possible use in automated high-throughput methods.
We start with the definition and characteristics of the

reference state to be used for the Ueff calculation. Consider an
N-electron system with some external control parameter such
that, depending upon the parameter value, there are two
possible pure ground states corresponding to LS and HS
populations, respectively. We label them as ΨLS, ΨHS with
respective ground-state energies ELS, EHS, and associated
ground-state electron number densities nLS(r), nHS(r).
The total energy per molecule of a linearly mixed ensemble

of the two pure states, ΨLS and ΨHS, is

= +E E E(1 ) LS HS (1)

and the ensemble electron number density is

= +n n nr r r( ) (1 ) ( ) ( )LS HS (2)

with 0 ≤ ω ≤ 1.21
Three values are of interest for describing a continuous and

complete crossover from ΨLS to ΨHS, and vice versa without
hysteresis, namely, the pure LS state (ω = 0), the equally
mixed state (ω = 1/2), and the pure HS (ω = 1) state. Their
ensemble energies read

==E E E
1
20 1/2 HL (3)

==E E1/2 1/2 (4)

= +=E E E
1
21 1/2 HL (5)

where the average energy per molecule of the mixed state,
according to eq 1, is = +E E E( )/21/2 LS HS and the energy
difference per molecule between the reference pure states ΨLS
and ΨHS is ΔEHL = EHS − ELS. Notice that the value of ΔEHL
here is for the pure states associated with whatever uncorrected
DFA is chosen. It is not the eventual ΔEHL value calculated
with the Hubbard-U.
The analogous analysis for the spins SLS, SHS for ΨLS, ΨHS

leads to

==S S S
1
20 1/2 HL (6)

==S S1/2 1/2 (7)

= +=S S S
1
21 1/2 HL (8)

with = +S S S( )/21/2 LS HS being the average spin per
molecule of the mixed state and ΔSHL = SHS − SLS the change
in spin from ΨLS to ΨHS.
As a result of the linearity of eqs 1 and 2, the mean value

ensemble spin (MS) state with spin S1/2, located at an
equidistant energy separation of E1

2 HL with respect to either
of the pure states, may be considered as an appropriate
reference state to calculate an effective Hubbard-U correction
for SCO through linear response.29 The physical motivation is
that the ensemble state corresponds to the most appropriate
simple representation of the bistable pure state problem.
The mean value ensemble spin-state is not unique but

depends upon the choice of pure system states, for example,
whether they be from isolated molecules or crystalline systems.
Furthermore, unlike the fractional electron ensemble familiar
since the work of Perdew, Parr, Levy, and Balduź20 and the
Slater transition state half-electron interpolation that preceded
it,47,48 we cannot probe the mean value ensemble with a single
molecule having a single transition metal for the elementary
reason that there is no half-spin that corresponds to the half-
electron associated with occupation number ni = 1/2. Thus, the
MS state must comprise equal populations of LS and HS
molecules.
The simplest, least computationally costly choice is one

molecule of each pure state, LS and HS. The concept is
roughly that of picking a local sample in a 1:1 LS:HS
solution.49,50 There remains the issue of criteria for choosing
an appropriate sample configuration of the molecules. In the
present case, we chose the ensemble state to be built on the
assumption that the most strongly interacting sample in the
condensed phase is the nearest-neighbor pair of molecules in
the crystalline environment with atomic coordinates obtained
from the experimental data. Figure 1 shows that the choice of
atomic configuration only affects the resulting Ueff weakly, with
deviations well within accepted magnitudes.51 The protocol
then is as follows:
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• Identify the nearest-neighbor transition metal atom pair
from the experimental unit cell. Isolate that pair of
molecules in a sufficiently large computational unit cell.

• Optimize the geometry of the pair using the MS state
with one molecule HS and the other LS.

• Determine Ueff for that MS pair using the linear response
approach.29

• With Ueff, optimize the structures of both the pure LS
and pure HS molecule pairs. Start both optimizations
from the geometry found in the first step. Then calculate
the adiabatic spin-crossover energy per molecule, also
with Ueff, as =E E E( )/2HL HS2 LS2 . The subscript 2
indicates total energy per pair.

A technical point is that the Hubbard correction includes the
effective Coulomb and exchange interactions between parallel-
and antiparallel-spin electrons, U and J, respectively. We
adopted the common practice of incorporating J from parallel-
spin electrons into an effective U as Ueff = U − J.52

All calculations were performed with periodic boundary
conditions and the VASP code,53 using the PBE approxima-
tion54,55 for the XC functional. Details regarding the set of

projector augmented wave potentials are included in Table S1
in the Supporting Information. The bimolecular species were
placed inside orthorhombic boxes with at least 10 Å of vacuum
separating the outermost atoms in every direction. The plane
wave kinetic energy cutoff was set to 600 eV and the precision
tolerance was set to “accurate”. The augmentation charges
were evaluated on an auxiliary support grid, aspheric
corrections were included, and the use of symmetry was
deactivated. The threshold for self-consistent field convergence
was set to 10−6 eV, the Gaussian smearing width to 10−3 eV,
and the projection operators were evaluated in reciprocal
space. All geometries were optimized with the conjugate
gradient algorithm until forces were smaller than 10−2 eV/Å.
To evaluate the mean-value ensemble method, we targeted a

test set composed of spin-crossover metal−organic complexes
that include the 3d transition metals Cr, Mn, Fe, Co, and Ni.
This comprises the 20 complexes of ref 56 augmented by seven
more,57−65 as well as an additional subset of seven metal−
organic complexes discarded in experimental screening
tests.63,66−71 The complete list is in the Supporting
Information. Notice that we used [Fe((N-8-quino-lyl)-5-Br-
salicylaldiminate)2][NO3] from ref 61 rather than [Fe-
(ethylenebis(acetylacetoneiminato))(NC5H3Me2-3,4)2] as in
ref 56, due to difficulties in geometry relaxation associated with
the large counterion used in the complex from the original test
set.
Figure 2a compares the values of Ueff obtained using linear

response on the MS state with those for the LS and HS states.
The Ueff obtained for the LS and HS states are similar to one
another and significantly larger than the values obtained for the
MS state. Calculating Ueff using the MS state reduces the values
by approximately a factor of 3 relative to results from the LS
and HS states. We observe that different species sharing the
same type of transition metal ion produce similar Ueff. In
consequence, a smaller Ueff is expected to alleviate, at least
partially, the overestimation of the total energy of the HS

Figure 1. Comparison of the Ueff values, in units of eV, calculated with
PBE at different Fe−Fe distances from a 6 × 6 × 6 supercell for the
complex [Fe(phenanthroline)2(NCS)2]. The horizontal dotted line
depicts the meanUeff across all points and illustrates that the values of
Ueff only depend weakly on the choice of structure.

Figure 2. Results for the PBE and PBE+Ueff density functional approximations using the set of spin-crossover metal−organic complexes. (a)
Comparison of the Ueff values, in eV, computed from linear response on the LS, HS, and MS states. The lower and upper limits depict the
respective minimum and maximum Ueff obtained for each transition metal ion. (b) Adiabatic spin-crossover energy ΔEHL distributions, in units of
eV, for the whole set of metal−organic complexes. The shaded area encloses the energetic interval of interest for spin-crossover. The label Ueff = 0
depicts results with PBE, whereas the labels Ueff(LS), Ueff(HS), and Ueff(MS) depict results with PBE+Ueff using the Ueff value obtained from linear
response on the LS, HS, and MS state, respectively.
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relative to the LS state, thereby yielding improved spin
crossover energy predictions.
Next we compare the crossover energy differences, ΔEHL,

without and with the Ueff determined on the different spin
states. Figure 2b shows how uncorrected PBE overestimates
ΔEHL with respect to the expected energy range. This behavior
is well-documented.72 The opposite behavior is observed for
PBE+Ueff when the Ueff is obtained from either the LS or HS
state. In those cases, most of the ΔEHL are underestimated
because of overcorrected HS total energies relative to the LS
state. Use of the MS state gives a different trend. Unmistakably,
the ΔEHL values calculated with PBE+Ueff using the MS state
are close to the expected energy range.56,73 That is, the Ueff for
this approximation leads to better balanced energy differences
of the spin-states. The magnitude of this set of Ueff values is
comparable to some reported in ref 74, though that work
certainly is different for reasons of the systems considered
there, the use of a different DFA, and because of various
technical choices including cutoffs and choice of potentials.
That said, what is rather suggestive for the spin-crossover
problem is that they found somewhat smaller Ueff values than
one ordinarily would expect.
Despite the well-known fact that Ueff is particular to each

molecule or material, we observe similar values for each of the
different transition metal ions across different molecular
complexes in the data set (see Table S2 in the Supporting
Information). Based on the observation that Ueff depends only
mildly on the chemical environment of the transition metal
ions, we recommend the averaged Hubbard-Ueff values, Ueff ,
shown in Table 1, for PBE+Ueff calculations of spin crossover

energies in automated high-throughput methods. The concept
is to exploit the relatively low computational cost of PBE+Ueff
as well as the betterment in the description of ΔEHL. We
emphasize that the addition of more molecular complexes to
the test set will help refine these Ueff values.
In conclusion, we showed that the mean-value spin

ensemble provides an attractive reference state to obtain the
value of the Hubbard-Uef f correction for accurate spin-
crossover energy calculations with a simple DFA. Special
ensembles have a long history of influence in DFT develop-
ment and application. The scheme presented here involves
methods of long-standing, namely broken-symmetry DFA+U
calculations, in combination with a new type of special
ensemble. We have shown that application to a mixed state
typical of spin crossover enables successful use of linear
response determination of Hubbard-U in calculations of ΔEHL
with a simple computationally low-cost DFA. Specifically, we
have shown that the description of spin-crossover energies
improves for PBE in combination with effective Hubbard-Ueff
values calculated on a mean value ensemble state for a set of
bistable metal−organic complexes. Based on the observed
correlation between the calculated Ueff values and the oxidation
state for each transition metal ion, we also provided a series of
recommended averaged Ueff values for use in high-throughput
calculations with PBE+Ueff. Finally, we note that there are

diverse other molecular phenomena involving two or more
spin states separated by comparatively small energy inter-
vals,75−81 which are computationally challenging. It remains to
be tested whether the mean-value ensemble approach
developed and tested can provide improvements regarding
those phenomena comparable to the SCO improvements
demonstrated here.
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