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Abstract

De-orbitalization (replacement of orbital de-
pendence by an explicit density functional) of
a meta-generalized gradient approximation for
exchange and correlation has been deemed suc-
cessful if the de-orbitalized functional deliv-
ers simple error bounds comparable to those
from the parent functional on standard data
sets. Tacitly it has been assumed that de-
orbitalization will not improve on those er-
rors. One counter-example is known, at least
on molecular data sets, the meta-GGA made
very simple (MVS) functional; see Phys. Rev.
A 2017, 96, 052512. On the basis of post-
SCF calculations [J. Chem. Phys. 2018, 149,
144105], it was argued that the unexpected
betterment on molecules provided by that one
speci�c de-orbitalizer does not occur in solids.
Some other de-orbitalizers considered in that
later work did show performance betterment of
MVS on solids however. But molecules were
not treated nor was the issue of ambiguous bet-
terment pursued. We revisit the issue and show
that the betterment of MVS for that particular
de-orbitalizer does occur in solids when the cal-
culations are done self-consistently and with the
same computational techniques as used in other
de-orbitalizations. For systems without d states

or without transition metals, that betterment
is improved. Imposition of second-order gradi-
ent expansion compliance as a constraint upon
the de-orbitalizer re�nes (rather than degrades)
the improvement relative to the parent MVS
functional and provides insight as to why de-
orbitalized MVS behaves di�erently from other
de-orbitalized meta-GGA functionals.

Motivation

Discussion and use of the Perdew-Schmidt �Ja-
cob's ladder� complexity hierarchy1 for approx-
imate exchange-correlation (XC) density func-
tionals typically involves the expectation that
adding speci�c functional variables will improve
accuracy and applicability. Thus, at the third
rung of the ladder, most meta-generalized-
gradient approximations (meta-GGAs) add the
Kohn-Sham kinetic energy density,

τs[{ϕ}] =
1

2

∑
i

fi|∇ϕi(r)|2 (1)

with fi and ϕi the occupation numbers and
Kohn-Sham (or generalized KS; see below) or-
bitals respectively, to the electron number den-
sity n(r) and its dimensionless reduced gradient

s :=
|∇n(r)|

2(3π2)1/3n4/3(r)
(2)
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used in GGAs. Examples include TPSS,2,3

revTPSS,4 SCAN,5,6 Tao-Mo,7�9 and r2SCAN.10

The primary question addressed here is this:
can the performance of such a meta-GGA be
improved by de-orbitalization, that is, replace-
ment of the τs orbital dependence with ∇2n de-
pendence instead? Tacitly (and anecdotally),
the common view of the numerical evidence
amongst functional developers seems to be that
the answer is negative. However there is some
mixed and thus far unpursued evidence to the
contrary, as we summarize below. The main re-
sult of this work is to provide an unequivocal
example of an a�rmative answer to the ques-
tion. We also investigate the causes and show
that re-imposition of constraints yields a supe-
rior betterment.
The context is this. Inclusion of τs in the suite

of functional variables enables straightforward
use of chemical-region-indicator functions, e.g.
the well-known11

α[{ϕ}] :=
τs − τW
τTF

(3)

with

τTF :=
3

10
(3π2)

2
3 n5/3(r) ≡ cTF n

5/3(r) (4)

τW :=
1

8

|∇n(r)|2
n(r)

, (5)

the Thomas-Fermi and von Weizsäcker kinetic
energy densities respectively. Being able to
detect chemically distinct regions should give
meta-GGAs substantially greater accuracy and
broader applicability than GGAs.
Two related limitations arise from utilizing

τs. Although in principle the optimized ef-
fective potential procedure12�14 could be used
to obtain a proper (i.e., local) Kohn-Sham
XC potential, OEP is computationally costly.
Thus it is common practice to use the gen-
eralized Kohn-Sham procedure instead. That
gives, for example, an orbital-dependent X po-
tential vx[ϕi] = δEmGGA

x /δϕi. Ordinary KS
and generalized-KS are the same for pure (i.e.
orbital-independent) functionals but not for ex-
plicitly orbital-dependent ones.15

The related limitation is that, depending

on computational implementation and system
complexity, generalized-KS can be anywhere
from 30% to more than a 100% slower than
KS. For high-throughput searches such an in-
crement can be prohibitive; see discussion in
Ref. 16.
De-orbitalization of a meta-GGA XC func-

tional replaces the τs orbital dependence with
an approximate pure density functional. Typ-
ically the dependence is limited to n, ∇n, and
∇2n for reasons of numerical tractability. Af-
ter a couple of early de-orbitalization exam-
ples,17,18 Mejía-Rodríguez and Trickey19�21 de-
vised and applied a protocol denoted hereafter
as �M-RT�. For functionals with τs dependence
only through α (the plainest case), the M-RT
approach is to select, from the orbital-free ki-
netic energy density functional (KEDF) liter-
ature,22 some promising approximate KEDFs,
τs[n, {φ}] ≈ τ [n,∇n,∇2n]. Each candidate
then is reparametrized to give a good approxi-
mation to the orbital-dependent α,

αL[n,∇n,∇2n] ≈ α[{ϕ}] (6)

rather than the original KEDF objective of pro-
ducing a good approximation to Ts[n], the KS
kinetic energy. (Henceforth, the subscript �L�
denotes density-Laplacian dependence.) Alter-
ation of a known functional form of a candidate
de-orbitalizer also is possible of course.
A de-orbitalizer form of particular interest

here is Cancio-Redd23

αCR := 1 + zΘCR(z) . (7)

Here z is from the second-order gradient expan-
sion

z :=
20

9
q − 40

27
p , (8)

with the dimensionless reduced density Lapla-
cian

q :=
∇2n

4(3π2)2/3n5/3
, (9)

and switching function

ΘCR(z) =

[
1− exp

(
− 1

|z|A
)

(1−H(z))

]1/A

.

(10)
H(z) is the Heaviside unit step function and
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A = 4. The M-RT reparametrization, denoted
CRopt, is

zopt := aq + bp (11)

with a = −.295491, b = 2.615740.
M-RT deemed a de-orbitalization to be sat-

isfactory and called it �faithful� if it deliv-
ered simple error bounds (mostly mean abso-
lute deviations, MADs) with respect to stan-
dard molecular and crystalline data sets that
matched the error bounds from the parent func-
tional closely. For molecules, those data sets are
the G3X/99 223 test set for molecular heats
of formation (computed according to the pro-
cedure of Curtiss et al.24,25), the T96-R test
set26,27 for optimized bond lengths, and the
T82-F test set26,27 for harmonic vibrational fre-
quencies. For solids, the test sets for static
lattice constants and cohesive energies include
55 systems,28 while for bulk moduli there are
44 systems.29 Band gaps of 21 insulators and
semiconductors30 were used to test Kohn-Sham
(KS) and generalized-KS (g-KS) bands.
There was a surprise in the original M-RT

work.19 Table 1 reproduces the key molecular
results. [Note that the value tabulated in Ref.
19 for the CRopt heat of formation MAD, 6.20
kcal/mol, is incorrect, the result of a transcrip-
tion error. The correct value, 7.83 kcal/mol is
shown.31] De-orbitalization of the MVS (meta-
GGA made very simple) functional32 with the
CRopt KEDF mentioned above gave a heat of
formation MAD substantially smaller (about
a factor of 2.3) than the MAD from the par-
ent functional. The bond length MAD was
slightly smaller and the frequency MAD 18%
smaller. M-RT called this unexpected im-
provement over the parent functional a best-
performance de-orbitalization.19 That is in con-
trast with the faithful results for the PCopt
de-orbitalization (though the PCopt MADs are
modestly better than for the parent). PCopt
is M-RT's reparametrization of the Perdew-
Constantin KED.18

Though MVS-L(CRopt) is substantially bet-
ter, at least on molecules, as a pure meta-
GGA than its conventional orbital-dependent
τs-based parent, that oddity has gone largely
ignored with respect to solids. Almost all solid-

system exploration and testing of the M-RT ap-
proach, Refs. 8,20,21,33, omitted MVS-L. The
one exception is a study by Tran et al.34 From
post-SCF all-electron calculations with densi-
ties from the PBE GGA,35 they concluded that
the MVS-L(CRopt) best-performance molecu-
lar outcome does not occur in solids. It worsens
the Ecohesive MAD slightly in their calculations,
for example. They, in fact, characterized the
seemingly close resemblance of MVS-L(CRopt)
behavior to parent functional behavior as �for-
tuitous� because the mean errors of the parent
and de-orbitalized functionals are �completely
di�erent and of opposite sign.� Intriguingly,
however, they also noticed that some other de-
orbitalizers of MVS decreased MADs versus the
parent. They attributed that sensitivity to the
strong dependence of the MVS functional upon
de-orbitalizer form. They did not pursue the
issue.
Thus there is a question left hanging from

Refs. 19 and 34: Does CRopt provide a best-
performance de-orbitalization of MVS for both
molecules and solids? Answering that amounts
to determining whether the negative outcome
reported in Ref. 34 is, in fact, intrinsic to
MVS-L(CRopt) or is a consequence of proce-
dure (post-SCF evaluation on PBE densities).
The diverse and essentially unexplored other
�ndings from Ref. 34 also motivate the investi-
gation of other de-orbitalizers of MVS: are there
others that provide best-performance-level re-
sults?

Tests of MVS-L(CRopt) on

solids and molecules

Methods

With the exception of Ref. 34, to our knowl-
edge all of the testing of the M-RT strategy has
been with NWChem for molecules and VASP
for solids.9,19�21,33,36

For thoroughness of comparisons (including
any possible software version issues), we re-
did the molecular tests of MVS-L(CRopt) on
the G3X/99, T-96R, and T-82F data sets with
NWChem37 version 7.0.2, Def2-TZVPP basis
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Table 1: Comparison of molecular test set results for best-performance (CRopt) and
faithful (PCopt) de-orbitalized versions of the MVS XC functional as reported in Ref.
19 (with corrected CRopt heat of formation MAD.31) Heat of formation errors in
kcal/mol, bond length errors in Å, frequency errors in cm−1. ME = mean error, MAE
= mean absolute error.

Error CRopt PCopt MVS parent

Heats of formation
ME 2.89 -15.37 -17.33
MAD 7.83 15.94 18.34

Bonds
ME 0.0049 -0.0025 -0.0016
MAD 0.0130 0.0127 0.0139

Frequencies
ME 28.7 39.3 46.2
MAD 42.6 46.0 52.0

sets,38 and xfine grid settings.
To assess e�ects related to the implemen-

tation of periodic boundary conditions (e.g.
plane wave cuto�s, etc.), we also did counter-
part quasi-isolated molecule calculations with
VASP39 version 5.4.4. Those calculations em-
ployed a very large orthorhombic cell, with the
molecule positioned at the center, and at least
10 Å of vacuum from a cell boundary to the
outermost atom of the molecule. The default
energy cuto� was overridden and set to 600
eV for all molecular systems. The precision
parameter was set to accurate (PREC=A),
and the conjugate gradient minimization al-
gorithm (ALGO=A) was used. Non-spherical
contributions within the PAW spheres were
included self-consistently (LASPH=.TRUE.).
Also, Gaussian-type thermal smearing with
width = 0.01 eV was used. First Brillouin zone
integrations were restricted to the Γ point.
For the quasi-isolated molecule calculations

with VASP, the charged species members of the
T96-R set had to be omitted. The result is a 46-
molecule subset to determine the bond length,
denoted here by T-46R. For it, we followed the
same methodological choices as for the G3X/99
calculations, except that we used a threshold
of 2 × 10−3 eV/Å for the forces (EDIFFG =
-0.002).
One motive for comparing isolated molecule

calculations from VASP against those from
NWChem is that projector augmented wave
(PAW) data sets for meta-GGAs are unavail-
able in VASP. We used PBE35 PAWs as is com-

mon, widespread practice and as was done in
the previous M-RT studies. Note that harmonic
frequencies for isolated molecules are not read-
ily available from VASP, so we report only the
NWChem results for those.
For the periodic solids we also used VASP.

The methodological choices for those calcula-
tions were close to those for the quasi-isolated
molecules. However, the energy cuto� was set
to 800 eV, and Brillouin zone integrations used
17 × 17 × 17 Γ-centered symmetry-reduced
Monkhorst-Pack40 k-meshes and the tetrahe-
dron method with Blöchl corrections.41 For
hexagonal close-packed structures, the ideal c/a
ratio was used. For cohesive energies, the
isolated-atom energies were done in a 14 × 15
× 16 Å unit cell and Γ point Brillouin zone
sampling.
For purposes of comparison and checking, we

also re-did the data-set studies for the r2SCAN
and r2SCAN-L meta-GGA functionals, thus
both extending the previous study of MVS-L
to solids as well as rechecking the coding and
calculations of Ref. 19 for molecules on MVS
and MVS-L and of Ref. 21 for r2SCAN and
r2SCAN-L.

Numerical results

Tables 2, 3, and 4 compile mean errors
(ME) and MADs for MVS, MVS-L(PCopt),
MVS-L(CRopt), MVS-L(CR), r2SCAN, and
r2SCAN-L (with the PCopt de-orbitalizer, the
best found by M-RT). Those three tables also
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provide results from PBE35 as a baseline. The
r2SCAN-L results provide an example of what
tacitly is taken to be typical: only a �faithful�
de-orbitalization has been found.
First we answer the motivating question: Is

CRopt a best-performance de-orbitalization of
MVS for both molecules and crystals? In
that regard, MAD comparison may seem a
rather minimal measure on which to base
comparisons of XC functionals, in the con-
text of �faithful� versus �best-performance� de-
orbitalizations. But that comparison provides
an unequivocal distinction. High-performing
and poorly-performing de-orbitalizations are
unambiguously identi�able from MAD compar-
isons alone. As is clear from those three Tables,
that is the case with diverse de-orbitalizers of
MVS.
Though the tabulated results do show some

periodic-system e�ects (from VASP; Table 3)
in the isolated molecule tests, those e�ects do
not change the earlier key �nding. The �best
performance� de-orbitalization of MVS from
CRopt found previously in molecules19 is repro-
duced (Tables 2 and 3) irrespective of the com-
putational methodology. The molecular heat
of formation MAD for MVS-L(CRopt) is re-
duced by a factor of 2.3 in both the NWChem
and VASP calculations. In stark contrast, de-
orbitalization of r2SCAN increases the heat of
formation MAD by 18% in the NWChem cal-
culations and by a factor of 2.14 in the VASP
calculations.
Moreover, that best-performance distinction

is unequivocally present in solids (Table 4).
MVS-L(CRopt) MADs are notably better than
the parent functional MADs for cohesive ener-
gies (16 % reduction for CRopt) and lattice
parameters (24% reduction), and 33% better
on bulk moduli. Consistent with the molec-
ular pattern, CRopt is a distinctly better de-
orbitalizer than PCopt. Note again the con-
trast with the de-orbitalization of r2SCAN to
r2SCAN-L(PCopt). In that de-orbitalization
the a0 MAD worsens slightly, the Ecoh MAD
worsens by 45%, and the B0 MAD worsens by
73%.
In both the molecular and solid cases there-

fore there is a qualitative di�erence between

de-orbitalizations of MVS and of r2SCAN.
For MVS, there is a de-orbitalization bene�t,
while for r2SCAN there is a de-orbitalization
penalty. (Note that the band-gap penalty for
de-orbitalization is about the same from MVS
to MVS-L(CRopt) as from r2SCAN to r2SCAN-
L. Basically this is a measure of the di�erence
between g-KS and KS.)
In short, the original best-performance �nd-

ing of Ref. 19 regarding CRopt is upheld. The
contrary result of Ref. 34 thus provokes addi-
tional investigation.
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Figure 1: De-orbitalization shift S in cohe-
sive energy MAD relative to parent XC func-
tional MAD for 7 de-orbitalizations of MVS.
Blue data are from Ref. 34, orange are present
work. Units are eV/atom.

Motivation for such investigation is reinforced
by the somewhat obliquely discussed �ndings
of Ref. 34 regarding six other de-orbitalizers.
Distinct from their results for MVS(CRopt),
Ref. 34 reports notable de-orbitalization bet-
terment from all six. We con�rmed this �nding
by repeating our VASP calculations with two
de-orbitalizers that share commonality with
CRopt. They are CR, which shares the same
functional form, albeit with di�erent parame-
ters, and PCopt, which shares an origin in the
MR-T methodology of �tting parameters to re-
produce the KED of small atoms. What both
our calculations and those of Ref. 34 demon-
strate is that their MVS-L(CRopt) results for
solids are an outlier. A simple way to show
that is to compare the de-orbitalization-induced
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Table 2: Molecular results (recalculated with NWChem) of the MVS and MVS-L XC
functionals using the CRopt and CR de-orbitalizers with comparisons for r2SCAN,
r2SCAN-L (with PCopt de-orbitalizer), and PBE XC functionals. Heat of formation
errors in kcal/mol, bond length errors in Å, and frequency errors in cm−1.

MVS MVS-L(CRopt) MVS-L(CR) r2SCAN r2SCAN-L PBE

Heats of formation
ME -17.226 3.012 -2.933 -3.145 1.845 -20.878
MAD 18.242 7.845 6.906 4.488 5.300 21.385

Bond distances (T96-R)
ME -0.002 0.005 0.005 0.005 0.008 0.018
MAD 0.014 0.013 0.012 0.010 0.011 0.018

Frequencies
ME 47.24 28.58 5.607 11.34 -7.25 -33.78
MAD 51.44 42.46 28.240 30.90 25.71 43.61

Table 3: Molecular results as in Table 2 but from VASP calculations and with bond
lengths for T-46R; see text.

MVS MVS-L(CRopt) r2SCAN r2SCAN-L PBE

Heats of formation
ME -16.845 -5.745 0.870 6.194 -18.020
MAD 17.864 7.675 3.671 7.881 18.693

Bond distances T46-R
ME 0.001 0.007 0.008 0.006 0.016
MAD 0.013 0.014 0.010 0.012 0.016

Table 4: Comparison of errors for XC combinations for four solid test sets. Equilibrium
lattice constant errors in Å, cohesive energy errors in eV/atom, bulk modulus errors
in GPa, and Kohn-Sham (and g-KS) band gap errors in eV.

MVS MVS-L MVS-L MVS-L r2SCAN r2SCAN-L PBE
(PCopt) (CRopt) (CR)

Lattice Constants
ME -0.015 -0.024 0.024 -0.019 0.026 0.022 0.046
MAD 0.045 0.039 0.034 0.032 0.037 0.039 0.053

Cohesive energies
ME 0.292 0.026 -0.236 0.270 -0.134 -0.331 -0.070
MAD 0.457 0.414 0.385 0.345 0.238 0.346 0.252

Bulk moduli
ME 16.012 13.027 0.647 8.582 1.367 -4.008 -9.704
MAD 16.695 18.935 11.143 12.262 5.963 10.345 11.022

Band Gaps
ME -0.76 -1.162 -1.11 -1.43 -1.20 -1.38 -1.69
MAD 1.12 1.30 1.24 1.46 1.20 1.38 1.69
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shift in Ecohesive, de�ned as

Scohesive := MADdeorb
cohesive−MADparent

cohesive . (12)

A de-orbitalization betterment has Scohesive <
0. Fig. 1 displays the comparison.
Somewhat surprisingly, the best performing

de-orbitalizer is CR, not only for solids but for
molecules: see Table 2. CR has the property of
satisfying the second-order gradient expansion
for the kinetic energy. Its use instead of CRopt
therefore restores the second-order gradient ex-
pansion compliance lost with CRopt. That such
restoration improves molecular as well as solid
performance is the somewhat surprising aspect.
We return to that �nding in the detailed analy-
sis of constraints and slowly-varying limits pre-
sented below.
Beyond these major outcomes, some technical

aspects need to be addressed. For the isolated
molecules, the primary causes of the di�erence
between NWChem and VASP results in Tables
2 and 3 surely are �nite-size e�ects (large peri-
odic box rather than vacuum boundary condi-
tions) and the aforementioned use of PBE PAW
data sets. Both are in contrast with the consis-
tent all-electron treatment in NWChem. Note
also that in the comparison of the heat of for-
mation and cohesive energy results, the phys-
ical systems are quite di�erent. The G3X/99
set consists predominantly of light to medium
inorganic and organic molecules while the crys-
talline data set is dominated by elemental solids
with a few diatomics. We will return to that
distinction below as a means of diagnosis of de-
orbitalization e�cacy.
Importantly, however, none of those di�er-

ences obscures the main �nding. Plainly there
is a best-performance de-orbitalization of MVS
(in fact, two) for both molecules and solids.
Given the contrast of these MVS-L(CRopt)

results with those of Ref. 34, it is important
to consider procedural di�erences. Among the
most obvious is post-SCF e�ects. Table 5 pro-
vides that comparison. Both the WIEN2K cal-
culations in Ref. 34 and our post-SCF VASP
calculations used self-consistent densities and
orbitals from the PBE exchange-correlation
functional.35 Their calculations were explicitly

all-electron, ours with PBE PAWs as described
already. The Ecohesive reference dataset they
used is a 44-system subset of the 55-system data
set we ordinarily use. Our post-SCF results in
Table 5 are for that smaller set, which is why
the values di�er from those in Table 4.
Tran et al. found that MVS-L(CRopt)@PBE

gave worse MADs than MVS for Ecohesive (0.44
vs. 0.37 eV/atom) or lattice constants a0 (0.050
vs. 0.043 Å), but better MAD for bulk moduli
B0 (10.1 vs. 13.3 GPa). Our post-SCF evalua-
tion has the MADs for both Ecohesive and a0 es-
sentially the same for MVS-L(CRopt)@PBE vs.
MVS@PBE (0.394 vs. 0.409 eV/atom; 0.046 vs.
0.047 Å).
The key point is that these post-SCF data

di�er qualitatively from the self-consistent re-
sults. Unlike the post-SCF outcomes, none
of the self-consistent results (aside from band
gap, which implicates a gKS versus KS aspect)
shows a substantial MAD increase upon de-
orbitalization of MVS with CRopt. Regard-
ing that SCF versus post-SCF di�erence, Table
5 shows that Ecohesive from MVS-L(CRopt) is
sensitive to the di�erence between its own self-
consistent density and the PBE density whereas
the τs-dependent parent functional, MVS, is
not. It is quite plausible, at the least, that
this density-Laplacian sensitivity is the primary
cause of the inconsistency of the post-SCF re-
sults with the self-consistent ones. The post-
SCF results (both ours and those of Ref. 34)
clearly are erroneous in indicating that the
CRopt de-orbitalization of MVS does not pro-
vide a best-performance result for solids.
As an aside, one of our original reasons for

reconsidering MVS was to seek insight into the
over-magnetization of 3d elemental solids ex-
hibited by the more sophisticated SCAN func-
tional, which also uses only the α indicator. See
Ref. 42 and references therein. Our results for
that ancillary investigation are in the Support-
ing Information.

Simple analysis

To investigate the betterment of MVS by MVS-
L(CRopt), �rst we examine the �delity of a
de-orbitalized α to its orbital-dependent par-
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Table 5: Comparison of our solid-system post-SCF results (MADs), denoted �@PBE�,
and those from Ref. 34 in brackets, along with our self-consistent VASP results for
MVS and MVS-L(CRopt). See text regarding cohesive energy data set.

Solid MVS@PBE MVS-L(CRopt)@PBE MVS MVS-L(CRopt) PBE

Ecohesive (eV/atom) 0.409 0.394 0.407 0.327 0.349
[0.37] [0.44]

a0 (Å) 0.046 0.047 0.051 0.035 0.060
[0.043] [0.050]

B0 (GPa) 15.23 9.04 16.70 11.14 11.82
[13.3] [10.1]

ent. Fig. 2 compares α versus αL, for
MVS and MVS-L(CRopt), respectively, for four
molecules, Na2, Ar2, BeH, and C3H4 (propyne).
The �rst two exemplify metallic and over-
lap binding. BeH is an open-shell diatomic
molecule with simple bonding. C3H4 is a
more complex organic molecule with multiple
atoms and several types of bonds and functional
groups. The four molecules thus facilitate rapid
assessment of molecular bonding e�ects. For all
four, the αL indicator mirrors α closely except
for large distances from the molecule. This local
correctness clearly contributes to the successful
de-orbitalization. But it gives little insight into
the best-performance aspect.
Fig. 3 therefore shows the di�erence be-

tween α and αL for two choices of de-orbitalizer,
CRopt and PCopt. Recall that PCopt gave
the �faithful� de-orbitalization. For both de-
orbitalizers, it is apparent that the most signif-
icant di�erence typically occurs in regions dis-
tant from the nuclei, whereas in the vicinity of
the nuclei, the di�erence typically is much less,
albeit slightly increasing in the bonding region
for the tested molecules.
Generally PCopt is inferior to CRopt. Com-

parison of ∆αL(CRopt) and ∆αL(PCopt)
shows that the PCopt de-orbitalizer typically
has small to moderately greater error with re-
spect to the orbital α. Particularly in Na2, in
the outer bonding region ∆αL(PCopt) underes-
timates more than ∆αL(CRopt). This suggests
that αL(PCopt) overestimates the orbital α by
more than twice the amount of αL(CRopt). In
the bonding region, particularly for Ar2, the
PCopt error in the region between the two

closed-shell Ar atoms is spectacular. The very
large α seen is typical of exponential tails in
the density, which one might expect for a non-
covalent bond (also seen in BeH, but without
the large de-orbitalization error).
Regarding the original question, whether a

best-performance de-orbitalization exists (or
was only a special case for molecules), the incor-
rect post-SCF result (recall Table 5 and discus-
sion) make it seem plausible, at least at �rst
thought, that the MVS-L(CRopt) and PBE
densities are substantially di�erent. But den-
sity plots revealed little di�erence to the eye.
The evidence in that Table instead is strongly
suggestive of a density-driven shift. MVS-
L(CRopt) seems to be more sensitive to den-
sity than MVS. As mentioned above, plausibly
that sensitivity comes from the density Lapla-
cian dependence of MVS-L
Earlier we noted that the G3X/99 set con-

sists predominantly of light to medium in-
organic and organic molecules while the 55
solid data set is dominated by elemental solids
with a few diatomic systems. The distinc-
tion leads to considering how the crystalline
results would change if materials with d-states
were removed. That can be tested in at least
two ways, by removing all the systems with d-
states or by removing the systems with transi-
tion metal constituents. Table 6 shows both
outcomes in self-explanatory fashion. Either
way, MVS-L(CRopt) yields better lattice con-
stant results than even r2SCAN. For systems
with no d-states, the MVS-L(CRopt) cohesive
energy MAD is better than for r2SCAN-L and
close to competitive with r2SCAN (which im-
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Table 6: Comparison of results for the full 55 crystal test set, for a subset with no
transition metals, and another subset of 18 solids with lighter elements without d

states [C, Si, SiC, BN, BP, AlN, AlP, LiH, LiF, LiCl, NaF, NaCl, MgO, Li, Na, K, Ca,
and Al].

Lattice constants (Å):
MVS MVS-L(CRopt) r2SCAN r2SCAN-L

55 solid test set
ME -0.015 0.024 0.026 0.022
MAD 0.045 0.034 0.037 0.039

No Transition metals
ME -0.011 0.017 0.041 0.027
MAD 0.060 0.028 0.051 0.047

No d states
ME -0.041 0.006 0.013 -0.006
MAD 0.050 0.021 0.029 0.028

Cohesive energies (eV/atom):
MVS MVS-L(CRopt) r2SCAN r2SCAN-L

55 solid test set
ME 0.292 -0.236 -0.134 -0.331
MAD 0.457 0.385 0.238 0.346

No Transition metals
ME 0.275 0.071 -0.031 -0.141
MAD 0.309 0.117 0.078 0.149

No d states
ME 0.246 0.061 -0.022 -0.105
MAD 0.295 0.109 0.074 0.119

Bulk modulus (Gpa):
MVS MVS-L(CRopt) r2SCAN r2SCAN-L

44 solids
ME 16.012 0.647 1.367 -4.008
MAD 16.695 11.143 5.963 10.345

No Transition metals
ME 10.207 1.928 -0.442 -3.135
MAD 10.862 5.676 3.288 5.464

No d states
ME 10.082 1.458 0.068 -2.418
MAD 10.861 7.270 4.466 6.283
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Figure 2: Orbital-dependent α and its de-
orbitalized approximation for four di�erent
molecules, Na2, BeH, Ar2 and C3H4 (propyne)
using MVS and MVS-L(CRopt) XC function-
als. Each is evaluated self-consistently with the
XC functional as labeled. Solid dots indicate
nuclear positions.
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plicates a much more demanding calculation).
This behavior suggests that a limitation of

MVS, and hence of its de-orbitalized versions,
is that it does not handle the spurious self-
repulsion (that is particularly strong for d-
states) as well as somewhat more sophisticated
meta-GGAs such as r2SCAN. It seems relevant
that MVS was made very simple by removing
much of the meta-GGA functionality meant for
approximate treatment of, among other things,
self-interaction error. We note also that CRopt
was parametrized to �t low -Z atoms which have
no d states, a di�erence that may also be im-
plicated in its limitations in this regard.

Constraints and slowly-varying

limit

We mentioned already that there was a bit of
a surprise in Tables 2 and 4, namely that the
Cancio-Redd (�CR�)23 de-orbitalizer works as
well or better than CRopt. MVS-L(CR) is
an improvement not only over MVS but also
over MVS-L(CRopt). The CR heat of forma-
tion MAD improves over the CRopt value by
12%. The CR versus CRopt Ecohesive MAD
improvement for molecular frequencies is dra-
matic (33%), while the bond length and lat-
tice parameter improvements are slight. The
bulk modulus MAD is a little worse. Over-
all this makes MVS-L(CR) almost competitive
with the far more complicated r2SCAN-L and
better-balanced between molecules and solids
than PBE.
Careful, retrospective study of the Supple-

mental Material Tables for Ref. 34 makes this
realization less surprising. Those authors found
three de-orbitalizers of MVS that reduced the
solid-system MADs by roughly 60% compared
to the MVS parent. All three are closely related
to the second-order gradient expansion for KE.
A related clue is in the reduction in heat of

formation MAD in going from CRopt to CR de-
orbitalization of MVS. That contrasts with the
situation with PBEsol.43 It is a modi�cation
of the PBE exchange that restores the exact
second-order gradient expansion for exchange
in the slowly varying limit, namely µeff = 10/81
(see below). That modi�cation leads, in gen-

eral, to improvements in solid structural pa-
rameter errors at the expense of some reduction
in accuracy of calculated cohesive energies and
molecular heats of formation.
The metric M-RT used to select candidate de-

orbitalizers19 caused them to miss the improve-
ment from CR over CRopt. They did recog-
nize that their approach can break constraints
that are respected in the parent τs-dependent
functional, for example, the second-order gra-
dient expansion but did not pursue that is-
sue. In the one instance known to us in which
constraint compliance for de-orbitalization has
been tried thoroughly, it gave disappointing
performance33 in the sense of a bias to metallic
systems.
The present numerical results (as well as some

of those from Ref. 34) suggest, strongly, that
the situation with MVS is di�erent. In MVS,
α, Eq. (3), de�nes almost all the behavior of
the exchange enhancement function. The ex-
ception is a modi�cation that is relevant only at
large values of s2. Thus, unlike other α-based
meta-GGAs such as SCAN,5,6 constraint non-
compliance in a model αL can have large e�ects
upon the resulting MVS-L.
The PCopt αL violates both the homoge-

neous electron gas (HEG) limit (s = 0) and the
second-order gradient expansion for the KED
of the slowly-varying gas. MVS-L(PCopt) ex-
change is incorrect for both of those impor-
tant limits therefore. This noncompliance is a
byproduct of prioritizing the production of re-
alistic molecular test set binding energies (via
�tting of α to atomic kinetic energies) without
hurting predictions for solids signi�cantly.
Recognition of the noncompliance provides

insight into plausible cause for why M-RT
found the PCopt de-orbitalizer to be e�ec-
tive only in the sense of their �faithful� de-
orbitalization;19 recall discussion above. In the
same vein, changing from PCopt to CRopt,
M-RT's �best-performance� de-orbitalizer,19 re-
stores the HEG limit. But the resulting de-
orbitalization still deviates from the second-
order gradient expansion.
The simple structure of MVS enables a corre-

spondingly simple gradient expansion analysis,
as follows. For weakly inhomogeneous densities,
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the CR expression for α is

α = 1 + as2 + bq − aW s2 ≡ 1 + z (13)

with aW = 5/3 and a, b values dependent on
the parametrization. With a = 5/27, b = 20/9,
CR is just the second-order gradient expansion.
Ref. 32 showed that in MVS the q-dependent
term can be expressed solely in terms of s (by
an integral by parts) as

z = −(a+ b/3− aW )s2 . (14)

For the weakly inhomogeneous case, α ≈ 1,
hence |z| is small and it follows rather easily
that the MVS X enhancement factor becomes

Fx ≈ 1 + κxz ,

κx :=
k0

[(1 + e1)2 + c1]1/4
. (15)

The constants k0 and e1 are determined by
other considerations in the MVS construction,
leaving c1 to determine κx and hence compli-
ance or non-compliance with the gradient ex-
pansion with z as in Eq. (14). To get the
canonical value requires

20

27
κx = µGE ≡

10

81
, (16)

which requires κx = 1/6.
Reparametrization, however, changes a and b,

so with κx = 1/6 �xed we have

Fx ≈ 1 + µeffs
2 (17)

with
µeff := −1

6
(a+ b/3− aW ) . (18)

In contrast to CR (with the GE value µeff =
µGE = 10/81 ≈ 0.12345679), CRopt has a =
−0.29541, b = 2.615740,19 which gives µCRopt =
0.1817, a 47% increase.
Now recall that PBE35 has µeff = 0.2194, sub-

stantially farther from the second-order gradi-
ent expansion value than µCRopt. PBEsol,43

by comparison has µGE. A consequence is
that PBE is more successful on molecules than
PBEsol and conversely for solids. An obvious
question for MVS de-orbitalization is this: Does

preservation of the gradient expansion limit in
exchange via use of CR better solid-property
MADs at the expense of losing predictive power
for �nite systems? Our �ndings, in Tables 2
and 4, show the contrary, a pleasant surprise.
Both molecular energetics and crystalline cohe-
sive energies are improved by gradient expan-
sion compliance, i.e., going from CRopt to CR.
In this context, it also is instructive to recall

that the MVS correlation energy is a modi�-
cation of the PBE form.35 The modi�cation is
of the density gradient coe�cient, denoted β
in PBE, from its high-density value (in PBE),
0.0066725, to an approximate representation of
its correct density-dependent form,44

β(rs) = 0.066725
1 + 0.1rs

1 + 0.1778rs
(19)

with rs = (3/4π)1/3n−1/3, the Wigner-Seitz ra-
dius. The design choice made in using Eq. (19)
is to have the second-order gradient contribu-
tions from exchange and correlation cancel in
the high-density limit (rs → 0).44

Because the CRopt de-orbitalizer modi�es
the second-order gradient expansion, it negates
that cancellation. Use of the CR functional re-
stores it. The result with CR therefore is con-
sistent satisfaction to second-order in gradient
expansions. It seems highly plausible that this
is the reason for the unexpected success of CR
as a de-orbitalizer of MVS.

Timing

A continuing challenge to the de-orbitalization
strategy is the numerical di�culties that of-
ten are introduced by ∇2n dependence. MVS-
L(CRopt) is an example. Table 7 presents the
number of SCF cycles and the timings calcu-
lated for the six molecule test set AE645 and a
test set of six solids. The crystalline phases used
were the diamond structure for C, Si, Ge, and
Sn, and the zincblende structure for SiC and
BN. Experimental lattice constants (C 3.553 Å,
Si 5.421 Å, Ge 5.644 Å, Sn 6.477 Å, SiC 4.346
Å, BN 4.592 Å) were employed for the calcula-
tions with both functionals.
The AE6 calculations were performed us-
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ing NWChem-7.0.2, following the methodology
outlined in Methods (above). Correspondingly,
the calculations for the six solids were con-
ducted using the VASP code, also as described
above. The calculations were performed on a
machine with an AMD EPYC 75F3 32-core pro-
cessor. For the molecular calculations, 8 cores
and 4GB of memory per core were allocated,
while for the solid calculations, all 32 cores were
utilized, each with the same memory allocation.
The computations were executed in parallel.
For the AE6 molecular test set, the table

shows that MVS-L(CRopt) requires slightly
more SCF cycles than MVS to converge for
each molecule, Since the time per cycle is
substantially longer, the total time taken for
all molecules more than doubles for MVS-
L(CRopt) compared to MVS. This involves a
21.4 % increase in the number of SCF cycles
for MVS-L relative to MVS.
Di�erent behavior is observed for the solid

test set, In two of the six cases (C, BN), the
total time is lower for MVS-L(CRopt) than for
the parent functional. For the other four sys-
tems, MVS is faster overall. The di�erence
clearly is a consequence of the fact that for
all six solids the number of SCF cycles needed
by MVS-L(CRopt) is substantially larger than
with MVS. Of course, the de-orbitalized func-
tional provides a time advantage only if the
time per SCF cycle is su�ciently lower than
that of the parent functional to o�set the need
for more cycles. Such an accelerated SCF cy-
cle time is consistent with the expected advan-
tage of going from g-KS to pure KS. Nonethe-
less, the presence of ∇2n dependence in the
de-orbitalized functional causes so much slower
iteration-to-iteration SCF convergence that the
cycle time advantage is lost. In the particular
case of Table 7, MVS-L(CRopt) needs approx-
imately 42.9 % more time than MVS because
of needing over three times the number of SCF
cycles.

Concluding remarks

The best-performance de-orbitalization of MVS
(CRopt) found in Ref. 19 for molecules also

outperforms the parent meta-GGA functional
on crystalline cohesive energy, though the im-
provement is not as big. The previous �nding
to the contrary about cohesive energy34 appar-
ently was a result of post-SCF evaluation and
the e�ects of using PBE orbitals in the orbital-
dependent parent functional. An even better
example of best-performance de-orbitalization
of MVS, MVS-L(CR) was discovered in this
study. It illustrates the signi�cance of com-
pliance with gradient expansion behavior for
weakly inhomogeneous regions. MVS-L(CR) is
almost competitive with the far more sophisti-
cated de-orbitalized meta-GGA r2SCAN-L for
molecular and crystalline energetics. Therefore,
it may be of some practical use for early it-
erations in calculations on complicated, costly
systems. It also remains interesting as a provo-
cation for seeking other best-performance de-
orbitalizations.
The reason that MVS di�ers from r2SCAN in

its de-orbitalization behavior may be the fun-
damental di�erence in the structure of the two
functionals. MVS exchange is built almost en-
tirely on the single parameter α alone, (hence
the �made very simple" moniker). In MVS α is
used to (i) describe the second-order gradient
expansion for the slowly-varying electron gas,
(ii) produce a self-interaction-free exchange en-
ergy for the single-orbital limit, and (iii) provide
a switching function based on its capacity for in
bond-identi�cation. Only a modest change due
to the variable s2 at very large values of s is
used in MVS. More intricate (and more numer-
ically accurate) meta-GGAs use α in a some-
what more limited way. SCAN, in particular,
uses it mainly as a bond-region indicator and
as a minor correction to enforce fourth-order
gradient expansion in the slowly-varying limit.
r2SCAN does essentially the same except for the
fourth-order gradient expansion.
The penalty for the strong structural depen-

dence of MVS upon α seems to be its unusually
large cohesive energy and heat of formation er-
rors. Replacing α({φ}) with an explicit func-
tional of the density moves the de-orbitalized
form to something quite similar to other de-
orbitalized forms (resembling a modi�ed GGA).
A related aspect of this dependence seems to
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Table 7: Total timings, number of SCF cycles and times per SCF cycle calculated for
each molecule of the molecular test set AE6 and for a test set of six solids. The AE6
calculations were done with NWChem code whereas the solid calculations were done
with VASP.

Molecules MVS MVS-L(CRopt) Solids MVS MVS-L(CRopt)

SiH4

Total time (s) 2.1 4.9
C

Total time (s) 33.1 30.8
Total cycles 5 6 Total cycles 12 22
Time/cycle 0.42 0.82 Time/cycle 2.76 1.40

SiO
Total time (s) 1.5 4.2

Si
Total time (s) 84.3 157.9

Total cycles 9 10 Total cycles 16 105
Time/cycle 0.17 0.42 Time/cycle 5.27 1.50

S2
Total time (s) 2.1 4.2

Ge
Total time (s) 102.4 155.4

Total cycles 7 8 Total cycles 15 80
Time/cycle 0.30 0.53 Time/cycle 6.82 1.94

C3H4 (propyne)
Total time (s) 8.7 24.8

Sn
Total time (s) 122.3 179.1

Total cycles 7 12 Total cycles 15 82
Time/cycle 1.24 2.07 Time/cycle 8.15 2.18

C2H2O2 (glyoxal)
Total time (s) 8.0 12.4

SiC
Total time (s) 50.5 62.0

Total cycles 8 8 Total cycles 15 49
Time/cycle 1.00 1.55 Time/cycle 3.37 1.27

C4H8 (cyclobutane)
Total time (s) 23.6 42.0

BN
Total time (s) 41.2 34.7

Total cycles 6 7 Total cycles 16 26
Time/cycle 3.93 6.00 Time/cycle 2.58 1.33

Overall
Total time (s) 46.0 92.5

Overall
Total time (s) 433.8 619.9

Total cycles 42 51 Total cycles 89 364
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be that sacri�cing the second-order gradient ap-
proximation in a de-orbitalized α for a more ac-
curate description of the �rst 18 neutral atoms
(the parametrization scheme) is not an e�ec-
tive way to gain realism for bonded systems.
This is in contrast to the case for meta-GGAs
with more muted dependence on α. Instead,
preserving the second-order gradient expansion
through use of the CR de-orbitalizer produces
a somewhat better de-orbitalization improve-
ment over MVS. At the least, it is quite plau-
sible that a functional in which α plays a quite
dominant role should be more a�ected by de-
orbitalization than a more complicated meta-
GGA. The numerical results presented here are
consistent with that appraisal. MVS-L(CRopt)
also exposes the importance of �nding compu-
tationally better ways of formulating and han-
dling ∇2n dependence.

Supporting Information Avail-

able

The Supporting Information is available free of
charge as MVS_revisited.SuppInfo In this �le
we provide

� Results of magnetization for MVS, MVS-
L versus PBE for bcc Fe, hcp Co, and fcc
ni

� detailed, system-by-system tabulation of
the numerical results of the test calcu-
lations against standard molecular and
solids.

� A brief discussion of self-consistent
parametrization of CRopt.
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