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Topics

*» Motivation: Simulation of the Physics of Warm Dense Matter

s Review: Finite-temperature, Orbital-free Free Energy Density Functionals

= Objectives:
Practical - drive molecular dynamics
Conceptual — realize fundamental content of DFT

» Kohn-Sham kinetic energy contribution

= Kohn-Sham entropy contribution

= Exchange-correlation free energy

= Implicit T dependence of ground-state functionals

< Challenge: Scarcity of data for finite-temperature, inhomogeneous,
many-electron systems.

¢ Response: Thermal Hartree-Fock calculations on confined, many-
electron systems ( = this talk).
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Warm Dense Matter

Warm dense matter 0 <T < 1,000,000 K . Densities from gas to highly
compressed solid-like.
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Warm Dense Matter — Why the Interest?

 Violent formation of planets — platforms for life
* late-stage giant impacts, Moon formation
« evolution of planets, magnetic fields
« Path to stars — nuclear ignition
« giant to supergiant planets (exo-planets) to brown dwarfs
 path to ignition in the laboratory
« Extreme chemistry
 Periodic Table transformed

e “hot ices” (molecular systems), alloys and compounds
> 4 <) <) <

Properties of warm dense matter
— solids at ultra-high pressures or in ultra-high magnetic fields
» — melting at extreme compression
— liquid-liquid, plasma phase transitions
— transport properties

« Example application: Hypervelocity impact threats
« satellite protection

* killer asteroids Warm Dense Matter Panel, High Energy Density

Laboratory Plasma ReNew Workshop; Nov. 2009
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Warm Dense Matter — the Challenge

Warm dense matter regime is the meeting ground of several distinct physical
regimes- a scientifically rich area of High Energy Density Plasmas

Condensed
matter physics Super-dense matter

Hot solid/liquid }
“‘Warm dense matter (WDM) is an intermediate state between condensed matter

(solids and lic™ . : mas. It exists in the lower-temperature
portion of the T = <po_tent.|al energy> ~16ns where the assumptions of both
condensed-r <klnetlc energy> na theory break down, and where quantum
mechanics, p E ctric forces are all important.”
=—F 1
£ =
FESAC 2009 KT

Detonation science \ The WDM challenge:
Well- developed models

Dense chemistry Ideal plasma used on WDM face severe

problems

Temperature Adapted from F. Graziani, Nov. 2009 ,
from R. More, WDM School, LBNL, 2008
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Topics

¢ Motivation: Simulation of the Physics of Warm Dense Matter

**Review: Finite-temperature orbital-free Free Energy Density Functionals

= Objectives:
Practical - drive molecular dynamics
Conceptual — realize fundamental content of DFT

= Kohn-Sham kinetic energy contribution

= Kohn-Sham entropy contribution

= Exchange-correlation free energy

= Implicit T dependence of ground-state functionals

¢ Challenge: Scarcity of data for finite-temperature, inhomogeneous,

many-electron systems.
¢ Response: Thermal Hartree-Fock calculations on confined, many-

electron systems (= this talk).
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Molecular dynamics is the dominant simulation tool in materials physics. MD
implements Newton’s 2nd Principle: m R = _ﬁl V(R,R,,....Ry)

Bottleneck: the potential . It should be the Born-
Oppenheimer free- enerqy surface

V({R})=F({R})+ Eu o ({R))

start pseudo-
potential
ion | e-density | | | Kohn-Sham-
distribution | o(r) . i ~|  equation
H-He (8.6%) @ 1 Mbar, 4000 K
MD step DFT step v

F({RY}) is the electronic

free energy.
Quantum Stat Mech —»
thermodynamic data $ESFor€E€E€E€EE

Adapted from R. Redmer, LBNL WDM, 2011

molecular

dynamics ELRD] e b £
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Many-electron Hamiltonian

The N, -electron Hamiltonian of real systems in the B-O
approximation is:

I:I{R}(rl,. ) ZV +}/Z ‘ NZ':\||iZ, =

i ‘r i,

—7
=T +V +V
= Hee +Vig,

Hartree atomic units:

h = melectron = qelectron = 1
1E,, . =27.2116 eV  1au.=0.5292 A

One-electron KE: %Idr V|
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Free Energy Density Functional Theory

Mermin-Hohenberg-Kohn finite-temperature DFT

(For warm dense matter 0 < T <1,000,000 K ) Basic equations are:

F. [n]=7 [n]+Eeou [n]+ Eigy [n] =T SIN]
7 [n]-TS,[n]+E, [n]+E,, [n]
+{E [n]+ Eanteten :n:+T[n]—Ts[n]—T(S[n]—SS[n])}

correl

=T, [n]-TS, [n]+E, [n]+ F.[n]+Eq [N]
n]:= %Z(H exp{ﬂ(gj —y)})_ljdr‘V¢j (r)‘2 _ %Z fjjdr‘V(pj (r)‘2

j dr,dr, NN(rL). n] = [drn(rv, (r)

|r _r2| |on

n(r):= Z(1+ exp{ﬁ(ej —/l)}) 1‘(0,- (r)‘2 = ZJ: file (r)‘2

j

B=1/K.T

Eion.ion OMitted for brevity.
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B-O Forces from DFT

- The KS eigenvalue problem is the high-cost computational step in B-O
MD. At every step:

Ny (1) = Ek:fk (M) 44y (1) |* for each configuration {R}
i (1) = 6 Py ()

ﬁ{f} = —%Vz +V,s(r{R})

Vis (TR = Vign (MR ) + V.0 (D) 4V, (1)

Too slow! Order NM with 2.6 < M < 3 at best. Requires heroic calculations
(some of which have been done — need for the data is HIGH!)

There are “order-N” approximate methods but they are not general
(additional assumptions, e.g. about basis locality, etc., limit applicability).

— So there’s both urgency and opportunity for better methods. Or do we just
wait on bigger, faster machines?
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“Everyone knows Amdahl’s Law but quickly forgets it”

T.Puzak, IBM (2007) 1
S= S 99.9 % parallel, 2048 processors ,

1-P)+ N speedup < 675

S = speedup; P =fraction parallel; N = number of processors

Mark D. Hl”, University of Wisconsin-Madison IEE Computer, ﬂ, 33 (2008)
Michael R. Marty, Google

Augmenting Amdahl’s law with a corollary for multicore hardware makes it relevant to future

generations of chips with multiple processor corss-SttammmeQptimal multicore performance
will require further research in both extractirf{g more parallelism ahd making sequential cores

faster.

Also see www.cs.wisc.edu/multifacet/papers/amdahl_multicore.ppt
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The Ideal - Orbital-free DFT

With the K-S KE density kernel and a good density-dependent (NOT orbitally
dependent) %, DFT B-O forces would be simple:

T,In.T1=[dr t[n(r).T1= %Y £,(0)[dr |V, ()]

8,In,T1=—k, [dr s[n(r), T]=—k, > { f, In f, + (1~ f,)In(1- ,)}

5(T,+S,)
on

+Vs[N(r)] = u

Even at T=0, there are many well-known barriers to
getting t, , e.g., Teller non-binding theorem for Thomas-
Fermi-Dirac, failures of TF-von Weizsacker, ....

L.H. Thomas,
Sanibel, 1975.
Photo by SBT
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DFT for WDM — Major Open Questions

» Temperature dependence of F,_ ?

 Implicit temperature dependence of ground-state E, [n] used at finite T.
Is F,..=~ E,.[n(T)] good enough?

« Same question for ground state OF-KE functionals: 7Z[n,T] = 7Z[n(T)]?
* OF free-energy functionals in WDM regime

T.[nT]="?
S,[nTl=—ke D {fInf+ (10— f,)In(A- )} ="
Functional forms fojrtS [N, T], sg[n,T] ?

» Observation: OF-DFT may be necessary, not merely an attractive
option for WDM. Large numbers of small occupation numbers make
the number of MD steps comparatively small for conventional KS at
finite T .

 Technical issue: pseudopotentials? (mean ionization state?)
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< Review: Finite-temperature orbital-free Free Energy Density Functionals

= Objectives:
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Conceptual - realize fundamental content of DFT

= Kohn-Sham kinetic energy contribution

= Kohn-Sham entropy contribution

= Exchange-correlation free energy

= Implicit T dependence of ground-state functionals

¢ Challenge: Scarcity of data for finite-temperature inhomogeneous,

many-electron systems.
¢ Response: Thermal Hartree-Fock calculations on confined, many-

electron systems (= this talk).
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Thermal Hartree-Fock Theory

Mermin [Ann. Phys. (NY) 21, 99 (1963)] proved that the Finite Temperature
Hartree-Fock approximation is the “obvious” generalization of ground-state
Hartree-Fock theory Basic equations are:

Foe 18} 1= (B1{o])+ Jdr[y — Vo, (N]n(r)
Q. (B {¢}) = _,B_l In i TF(N’SD)e_ﬂ(Hee_Idr[ﬂ_vi°"(r)]n(r))

Foe [1)]= 75 [(91]- TS g1+ B [{9)] +E. [19)] 4 Eu
T [0 =52 {[drVe (] 5 Selig)]= —kBZ[fj In fj +@-f)InE-1,)]

e [0]-32 0, A ()4, (1) ()6, (r)

ee drl 2 ‘r ‘

(A #,(r)¢;(r)¢ (r,)¢; (r,)
B s

-1

f, ::(l+exp{,8(gj—,u)}) - Bi=1/k,T

The trace “N,SD” is over all N-electron Slater determinants.
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Thermal Hartree-Fock Theory - continued

Variational minimization leads to the obvious
generalization of the ground-state HF equation:

¢, (r,)¢; (r,)
Ir—r,|

()= -3v° +v.on<r)j¢(r)+zf [ar, 41

_ij de #,(r,)$,(r,) 4, (r)

Ir—r,|

UNIVERSITY of
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Confined System

« The model problem iIs a hard-walled rectangular
parallelepiped containing a few (1-8) hydrogen atoms.

 Initial exploration with cubic box, edge-length L.

« A few fixed atomic positions are sampled.

« Boxsize is from 1 au® (L =1 au) to free-system limit

(L — o).

 Temperature range: 0< T <£200,000 K.

UNIVERSITY o

FLORIDA
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Basis Set

Requirements:
« Match boundary conditions.

* Represent ground state and sufficient number of excited
states at different box sizes.

 Allow for efficient calculation of 2-electron integrals.

Basis:

Cartesian Gaussians 9" (X):=a, (gn(x; X.) —Ao) 0<X<X
truncated to match BCs.
Coefficients a,, a, set by
requiring each basis function  A;:=g"(0) ; A_:=g"(L,)
to be continuous. 0" (x:x.) = (X—Xc)ne_a(X_XC)z

= aL(g”(x;xc)—ALx) X, <x<L

C X

UNIVERSITY o

FLORIDA
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Basis Set - continued

Technical issues and resolution:

« Continuity of first derivative at matching point and
corrections to piecewise evaluation of KE matrix elements —
works with a non-zero piece-wise correction for p-type
functions

« Efficient calculation of 2- electron integrals — finite-range
Integrals of Gaussians and error functions done analytically
as much as possible, rest via Gauss-Legendre gquadrature.
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Test Case - Single H Atom in a Cubical Box
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Ground-state pressure as a function
of cube edge length.
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Shape Matters! Single H Atom Confinement Shape Effects

10 F '*5 I t'ir'mndamteéiﬂrgymhr% b ]
o8 0 Circumscribed sphere - w ]
15
E Gl Y Ilél: -
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g Tt 3 ' ejicubelefeq. vol sphere) —
L] 2 i & I"'I' | 'T
1 \{ E 25 | -
i o Ba i 3 | |
’ Lt —ter— ?j oo
0 2 4 8 B 10 . \ |
L {bohr) _ E ' X
H atom ground state energy for cubic and & L |\ 1
bounding sphere confinements. Spherical 2 I;u:h
data from Aquino et al. , Int. J. Quantum b os| 1,\"_% =
Chem. 107, 1548 (2007). . N .
0 2 4 B g 10
L (bohr}

Difference between H atom ground state
energy for cubic and equal-volume sphere
confinements. Spherical data from Aquino et
al., Int. J. Quantum Chem. 107, 1548 (2007).
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Test Case - Single H Atom in a Cubical Box (cont’d.)
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The 5 lowest eigenvalues for the
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as a function of L.
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Test Case - Single H Atom in a Cubical Box (cont’d.)
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Repeat: The 5 lowest eigenvalues
for the single H atom in a box, (3
for 2p) as a function of L.
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Test Case - Single H Atom in a Cubical Box (contd.)
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Test Case 2 - H, Molecule on the Body Diagonal of a Cubical Box
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Ground state energy of an H,
molecule, bond length 1.4 au,
centered in a cube with the atoms
along the major diagonal vs. the
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Energy (harraa)

-1.07 , T , ,

-1.EIF5J"-

-1.08
-1.085
-1.08
1.085
11
1,105 %
111
1115 X, X
1.12 Mg e

-1.125 1 1 I--": :T-q 1 1 1

11 12 13 14 158 16 17 18
Separation {bohr)
H, ground state energy as a
function of bond length for the
molecule on the body diagonal of
an L = 30 au cube. Minimum at
1.383 au bond length, same as a
free calculation using the same

L=30bohr =
Free

I I I I I 1 I I __I_--'

=k

UNIVERSITY of

FLORIDA

GTOs.
s

QTP



Test Case 2 - H, Molecule on the Body Diagonal of a Cubical Box
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Results — 8 Atom Array of Cubical Symmetry in a Cubical Box
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Results — 8 Atom Array of Cubical Symmetry in a Cubical Box
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Total energy as a function of L for zero and finite T. The ion
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8 Atom Array of Cubical Symmetry in a Cubical Box - continued
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Free energy F as a function of L for zero and finite T. The ion
configuration has each ion at the center of its own octant.
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Results — 8 Atom Array of Cubical Symmetry in a Cubical Box
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Results — 8 Atom Array of Cubical Symmetry in a Cubical Box
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Results — 8 Atom Array of Cubical Symmetry in a Cubical Box
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8 Atom Cubical Array — What are those low-T plateaus?

=0 K p=0_700557) —=—
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Fermi distribution for a single spin for four temperatures at L = 6 bohr.
Note that the T=0 K occupied orbitals induced by cubic symmetry are a
single alg and a triply degenerate t1u.
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8 Atom Cubical Array — What are those plateaus?
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Orbital eigenvalue difference : — ¢,

Fermi occupation number for orbital 5

Temperature-induced population causes reduction in self-repulsion of
orbitals that are unoccupied (virtual) in the ground state. = Challenge
for builders of orbital-free density functionals .
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Comparison of Exchange Functionals
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E, from finite-temperature Hartree-Fock (FTHF)

E, from ground state LDA with FTHF density E,(T) =(—3€/37z_2/4;z)jdrn4’3(r,T)
E, from temperature-dependent LDA (Perrot & Dharma-Wardana 1984
parameterization) with FTHF density.

All for 8 atoms, cubic symmetry, in cubic box, L = 6 bohr
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Summary -

O Testing and construction of finite-temperature functionals needs
constraints and fiduciary data on well-defined model systems.

O We have developed and implemented a scheme for first-
principles calculations in a well-defined approximation (Thermal
Hartree-Fock) applied to a simple warm dense matter system.

O Contributions to the free energy are smooth in T once the
ground state virtual orbitals are populated enough to move them
down (reduce artificial self-repulsion of virtuals in HF).

O A simple non-self-consistent comparison shows that FTHF

E.[ n, T ]is not well-modeled by ground-state LDA but is at least
roughly reproduced by Perrot & Dharma-Wardana’s 1984
paramaterization of T-dependent LDA.

O Application to more complicated ion arrangements is underway.
O Resulting data will be used to test both existing free energy
density functionals and those we are constructing.

http://www.qtp.ufl.edu/ofdft
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