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Abstract A new recursive procedure is reported for the
evaluation of certain three-body integrals involving expo-
nentially correlated atomic orbitals. The procedure is more
rapidly convergent than those reported earlier. The for-
mulas are relevant to ab initio electronic-structure com-
putations on three- and four-body systems. They also
illustrate techniques that are useful in the evaluation of
summations involving binomial coefficients.

Keywords Three-body integrals - Binomial summations -
Exponentially correlated orbitals

1 Introduction

For electronic-structure computations involving exponen-

tially correlated orbitals in atomic systems, it is convenient
to generate the necessary integrals using recurrence
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formulas. For three-body systems, the integrals in question
have the generic form
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where r; and r, (with respective magnitudes r; and r,) are
measured from a common origin (ordinarily the position of
one of the three particles), rio = |r; — rz|, and the inte-
gration is over all values of r; and r,. Though it may not at
first be obvious, the integral in Eq. (1) is symmetric under
all simultaneous permutations of its arguments and indices;
such permutations merely correspond to renumberings of
the particles, including the choice of the particle defining
the coordinate origin.

Conventional three-body energy computations require
the integrals Iy, ,, ,, for a set of nonnegative integer val-
ues of ny, np, and ny,. Even for ny = n, = njp = 0 these
integrals are nonsingular, as can be seen by writing them in
terms of the relative coordinates r, r,, and rj,, and noting
that the volume element (after integrating out the angular
coordinates) is proportional to rryr2 dridradryy. A general
discussion of these three-body integrals can be found in
Ref. [1].

The I, .., can be generated recursively, starting
from

1

FO,O,O(avﬂa)}) = (OC+[§)(OC+V)([3+V)

(2)

and using a procedure developed by Sack et al. [2]. That
procedure involves the following formulas, in which the I,
B, and A are assumed to have arguments o, f3, y,
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5,, (nz + I’l]z)!

Any iy = W7 (5)

where 6, = 1 if n =0 and zero otherwise. It is computa-
tionally stable to compute first the array A, then B, and
finally I'.

For some atomic properties, and also in connection
with four-body recurrence schemes (vide infra) the I" are
needed with one index equal to —1 but with the others
nonnegative, e.g., I'_j,,.,. Integrals of this type are
convergent, but the recurrence scheme using Egs. (3)-(5)
cannot be used to increase an index of I' from —1. One
method for recursive evaluation of these I'_j,,,, has
been presented both by the present author’s research
group [1] and by Korobov [3]; another method with more
rapid convergence is developed in the present
communication.

Recursive methods have also been reported for expo-
nentially correlated four-body atomic systems, where the
integrals have the generic form

Inl,nz,n3,1711,m2,m3 (M] y U, U3, Wi, W2, W3)

1
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The integrals described by Eq. (6) are invariant under
particle permutations, which include not only permutations
of the indices 1, 2, 3 but also changes in the coordinate
origin, which correspond to permutations of the type
(Wy < Uy, w3 < u3, ny < my, n3 < ms). The symmetry
group, isomorphic with that of the 6-j symbols, is the direct
product of the six-member group of permutations of (1, 2,
3) and the four-member group of origin changes. The net
result is that any one of the six indices of I can be brought
to the first index position.

Recurrence formulas for the so-called Hylleraas basis (in
which the parameters u; are zero) were published in 2004 by
Pachucki et al. [4]; that work was extended by the present
author in 2009 [5] to handle full exponential correlation
(general values of all the u; and w;). Both these sets of four-
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body recurrence formulas require an initial integral o0 .0.0.0,0
and various “boundary terms” of the form

1
_ mi—1 my—1 _m3—1 _no—1_n3—1
L ny s my iy ms e And(ro)ry" T T
% e—w+|r1—wzrg—W3r3—u2r|3—u3r|2 d3r1d3r2d3r3.

(7)

The asterisk, introduced for this purpose in Ref. [4], indi-
cates that 75}~ exp(—u;r3) is to be replaced by 41d(r3).
Insertion of this Dirac delta function enables the integral of
Eq. (7) to be reduced to a three-body integral of the type
defined in Eq. (1):

1*7112.1’13.1711 . m3 (7 Uz, Uz, wi, wp, W3) = le,n12+m3—l,n2+n3—l

(Wi, w2 + w3, up + u3).

(8)

The vacant first argument of the above I reflects the fact that
this integral does not depend on the parameter u#;. When used
for four-body recursion, the integrals of Eq. (8) appear only
under conditions such that at least one of m, + m3 and n, +
n3 is positive, so the integrals I'; ,, , will have indices that are
nonnegative, except for at most one index of value —1.

The initial integral, 1y 0,0,0,0, can be evaluated in closed
form; a formula for it was first presented by Fromm and Hill
[6]. Improvements in the Fromm-Hill formula to illuminate
its singularity structure and facilitate its computation were
subsequently provided by the present author [7].

The recursive four-body formulas increased the impor-
tance of having good recursive methods for the three-body
exponentially correlated integrals with one index equal to
—1. An additional method for dealing with these integrals
was briefly sketched by the present author [5], but the
material there presented gave neither a full description of
the formula nor its method of derivation. The present
communication provides the missing derivation and dis-
cusses a class of finite summations that are relevant thereto.

2 Recurrence formulas for I'(—1,n,,n1,)

A starting point for evaluation of I'(—1,np,ny;) is the
formula [1] for I'(—1,0,0):

Foaool ) = s ot ) =G (9)

p

We cannot use the procedure of Sack et al. to increase the
index —1, but we can use that procedure on the other
indices:
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Here Gy, ,,, has definition

a n a niz
an,nlz - (_ @) <_ a_’))) (;07()7 (11)

with

In(o + ) — In(o + y)
B

Goo = (12)
We have examined several alternative possibilities for the
evaluation of G, ,,,. If | — 7| is not too small, one can use

a variant of the procedure of Sack et al, corresponding to
the recurrence formula

1

an,nlz = ﬁ _

[nanz—h"lz _n12Gn2,ﬂ12—1 +Kﬂ2,n12j|7 (13)

with
Ky, = 5"25'112 [ln(a + :B) - ln(a + 'V)]

_512(175,12)(71271)!_‘_52(175”12)(”1271)! (14)
(x+ )" ()™

Here 6, =1 if n =0 and zero otherwise. The use of Eq.
(14) is, however, limited by the fact that the formula for
Gy, n,, becomes numerically unstable as § — 7 approaches
zero. One way of overcoming this difficulty, noted by
Korobov [3], is to use downward recursion in n, or np,
starting from a G, »,, that is deemed negligible.

The alternative approach of Ref. [1] starts by writing
Gy, as the following expansion:

Go,ozﬂiy[ln(“+ﬁ) — In(o +7)]
! (@+p)—(B—7)
| (15)
zoo:l _Vul
=gl ot-l-ﬁ

Applying the operator (—3/3y)"? to Eq. (15), we get

Go,ﬂn = Z

WS i —np = 1)

1\ L \Hn—l
R

We rewrite this equation in a form that causes the sum-
mation to start from zero:

N (,u“rnlz)! (ﬁ_"/)”
o 7 ) 17
12 #z:; (,Ll +np+ l)lu' (OC + ﬁ)ﬂ+112+1 ( )

Then, applying (—9/0/3)" and using Leibniz’ formula for
repeated differentiation of a product, we first obtain

N (M (U +np +ny—j)!
_Z( 1 <j>§(ﬂ+n12+l)(ﬂ—j)!

p=n""

(ot + ﬁ)#+n12+nz—j+1 ’

(18)

We next replace p by j + k and note that the range of k is
(0,00). Also interchanging the order of the summations,
Eq. (18) becomes

EOC: n2+n12—|—k) (/3—3’)k

— (OC + ﬂ)nz+nlz+k+1

ny X n 1
()
— j/)nn+j+k+1

j=

I‘Lz ni

(19)

The j summation is addressed in Appendix 1; its value,
from Eq. (40), is

i(l)]<n2) 1 - n2!(n12+k)!
= j)na+j+tk+1 (m+np+k+1)07
(20)
Inserting this result, we reach
Z m!(n1y + k)! (B - “/)k
Gz Ki(na +nia+k+1) (o + ﬁ)nﬁ"'ﬁkﬂ .
(21)

It is evident that the variable involved in the expansion is
the dimensionless quantity ©= (f—7y)/(x+ f). This
approach is functionally equivalent to that of Korobov and
will therefore have the same convergence characteristics.
However, if Korobov’s formulas are to be used, it should
be noted that many are in error by a factor of 2.

For some purposes, it is desirable to have a more sym-
metric expansion, which we can achieve by defining
x=(p+7v)/2, y=(p—7v)/2, and arranging for the
expansion variable to be y/(o + x). With that set of vari-
ables, we have

In(oc +x +y)

—In(x+x—y)

G =
0,0 2

(22)

By a procedure similar to that used in Eq. (15), we can
bring Gy to the form

@ Springer



1475 Page 4 of 7

Theor Chem Acc (2014) 133:1475

o8 2k
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(2k + 1) oc+x)2k“ (23)

We now seek to construct the G, ,,, by applying Eq. (11).
To do so, we note that

0 1 /0 0
515 w) Y

o 1/0 0
51 (e s) >

When these formulas are inserted in Eq. (11), we have, for
the case n, > ny,,

G N B A A
o 2mtm2 \Qx2 0y? ox Oy 0,0-

(26)

an,n12

Applying binomial expansions to the compound factors in
Eq. (26),

an,np

(_1)n2+’l12 ni (”12) <a>2n12 2u< >2M
= Qny+nyy = 0

np—np d np—np—v v
X - .
= <@x) ( ) ; 2k+1) oc+x)2"+1

: (27)

When we carry out the indicated differentiations, we note
that nonzero contributions only result when k>pu, so we
change the summation variable k to j+u, with j>O.
Evaluation of Eq. (27) then takes the form

00 My—ny2 N2 (71)u+v nia ny — nia
6un =323 S G () (")

j=0 v=0 u=0 K
(2j +ny +npp —v)! yH
(27 = N2+ 21+ 1) (o x)=Fmrdel

(28)

The summation over i can now be evaluated. As shown in
Appendix 1 at Eq. (41), we have

2 ni 1 na! 1
-1 “< > A A 1 A 29
21 w ) Z+2u+1 2 (G+Y, 0 (29)

The notation (a), denotes the Pochhammer symbol, with
definition (a), =1, (a), =a, (a),=ala+1), (a),=
ala+1)---(a+n—1) for integers n > 2. Alternatively,
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F(a—!—p)-

(a)p = F(a) (30)

The use of Eq. (29) enables us to rewrite the formula for
Gy iy, @S

nia! =, "R v M2 — N2
Groms = 5yt D 2 (<1 )
j=0 v=0
(2j —v+n +np)! o
(27 =G+ D1 (4 x) etz

(31)

The summation in Eq. (31) can now be reorganized to a
form that exhibits it as a power series in y/(o + x). To do
so, set 2j —v =0, with ¢ =0,1,2,.... We must then
restrict v to nonnegative integers of the same parity as o,
and can write

|

Guyny = 2 (ot nl;anrn]erl
X z“: wS(rzz,nu,a) (aix);,
P
(32)
with
Smnine) =3 (nz _sz)

Vg

1
X
(6+v+1)(c+v+3)---

(6+v+2np+1)
(33)

The notation v, indicates that v must be restricted to inte-
gers of the same parity as o.

To proceed further, we need to evaluate the summation
S. The evaluation requires a significant number of steps.
The result, developed in Appendix 2, takes the form

(—1)72"%n,!

—F 1
(n2+n12+1)! (1’12+ ’

S(Ilz,l’l]z,O’): 76;n2+l’l12+2; 2)

(34)

The quantity F(a,b;c;x) is a hypergeometric function,
sometimes written »F (a,b; ¢; x), with definition

o0
2Fy(a,b; ¢; x) = Z

j=0 j !

(35)

The quantities (p) ; are Pochhammer symbols, defined after
Eq. (29). For a general discussion of the functions ,F, see
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Table 1 Coefficients in the expansion of Gy, .,,, Eq. (37)

Co=1
C, = (An)

= (An)* + (Zn) +

= (An)® + [3(Zn )+8](An)

= (An)4 + [6(Zn) + 20](An)* + 3(Zn)” + 18(Zn) + 24

An)® + [10(Zn) + 40](An)® + [15(2n)* + 110(Zn) + 184](An)
Cs = (An)® + [15(Zn) + 70](An)* + [45(Zn)* + 390(Zn) + 784](An)?
+15(2n)* 4 180(Zn)* + 660(Zn) + 720

C; = (An) + [21(Zn) + 112)(An)’ + [105(Zn)* + 1050(Zn) + 2464](An)*

+ [105(Zn)’ + 1470(Zn)* + 6384(Zn) + 8448](An)

Here (Xn) = ny + nyp and (An) = ny — nip

Ref. [8]. Despite the appearance of Eq. (34), S(na,n12,0) is
not really transcendental; with the parameter values given
in that equation S reduces to a rational fractional form, so
the notation of that equation simply provides a convenient
and compact way of specifying the coefficients in the
expansion in Eq. (32). With this formula for S, the
expansion for G,, ,,, becomes

na! npo! Z n2+n12+a)
(n2+ni2+1)! (o +x) "H""“

Gy, =

g
X F(np+1,—0;n, + npp +2; 2) (ocix) .

(36)

We repeat the definitions: x = (f+7y)/2, y=(f—17)/2.
The expansion given by Eq. (36) should reflect the sym-
metry of the expansion variable; if we interchange n, <
ny2 and simultaneously interchange f# < y, the value of G
should not change. This invariance can be demonstrated
using properties of the hypergeometric function; it can also
be seen from the explicit forms of the expansion coeffi-
cients. Writing

n2!n12!

(a+x)n2+nlz+l b

_ (_I)JCG y ’
fzmz <ol (m+np+o+1) \oatx ’
(37)

the first eight C, are given in Table 1. The C, have, under
the interchange n, < njy, the parity of . Since y also has
this parity under f < 7y, the individual terms in the
expansion of Gy, ,,, according to Eq. (37) also exhibit its
overall symmetry.

When f§ — v is small, the expansion of Eq. (37) con-
verges more rapidly than that of Eq. (21) due to the fact
that the expansion parameter in Eq. (37) is half as large as

Table 2 Computations of G, ,,, for « = 8.0, f = 2.0, y = 3.0, using
Egs. (21) or (37) at various truncations.

Eq. 21) Eq. (37)

4 terms
Gos(o, f,7) 1.4418 19048 x 107° 1.4412 84145 x 107°
Gsa(a, 7, B) 1.4411 92027 1.4412 84145

6 terms
Ga3(, B, 7) 1.4412 92139 1.4412 82326
Gia(a,p, B) 1.4412 81243 1.4412 82326

8 terms
Ga3(a, B, 7) 1.4412 82476 1.4412 82319

1.4412 82319
1.4412 82319

G3a(2,7, B) 1.4412 82307

Exact result 1.4412 82319

that in Eq. (21). Moreover, as already pointed out, trun-
cated forms of Eq. (37) yield identical values under sym-
metry interchange, but the same is not true of Eq. (21). We
present in Table 2 one numerical example that illustrates
these observations.

Acknowledgments This research has been supported by US
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Appendix 1: Some binomial sums

Starting from the equation

F(m,n) = | x"(1 —x*)"dx =

- <”) ="
s\ m+1+42p’

we evaluate F(m,n) by identifying it as a beta function:

o\_
3
o
7N
= =
N———
—
|
=
\
v
+
3
&

(38)
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1 (mt1 TGl + 1) (2 + 1)
F(m,n) = §B< > 7”+1)_ 2I'(}[2n + m + 3))
n!
T 20m+ 1)),

(39)

For definition of the beta function and a derivation of
Eq. (39), see Ref. [9]. Note also that the notation (a), denotes
a Pochhammer symbol, defined immediately after Eq. (29).

Expressions of the form F(m,n) are used twice in the
main text. Setting n = n and m = 2ny, + 2k + 1, Egs. (38)
and (39) correspond to

e (my
F(m’n)z<,u>2(mz+u+k+l)

p=0

B I'(nip +k+1)ny! _ (n12 + k) ny!
2l (ny +np+k+2) 2m+np+k+ 1)
(40)
Equivalent to Eq. (20).
Setting n = nj; and m = 2j,
12 nia (—1)“ n12!
F(m,n) = < ) - = , (41
; )2+ 142u 2(+9),,0 4

Equivalent to Eq. (29).

Appendix 2: Evaluation of S(n;,n,, o)

Our starting point for the evaluation of S(np,ni2,0),
defined in Eq. (32), is to write it as an iterated integral. To
avoid unnecessary notational complexity, we make the
temporary definitions n = ny — nyp, m = njp. Thus,

S(n2, 1, 0) :Z(:)

1
0+v+1)(a+v+3)~~-

(c+v+2m+1)

1 Zm Zm—1 2 2l
/ dZm Zm / dZm—l Zm—l / ttt / le Z] / dZ
0 0 0 0

m+1*1vieypodoc

()

Vo

(42)
Remembering that the index v, is to take only values of the

same parity as g, we evaluate the summation in Eq. (42),
obtaining
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(43)

We now insert the right-hand side of Eq. (43) into Eq. (42),
also reversing the integration order, reaching

1 1 1
/dZIZl/"' / dz, zp.
21

Zm—1

S(na,niz,0) dz g(z

o\_

(44)

We now integrate (from right to left) over the z;. The z,
integration yields (1 —z2_,)/2; that over z,_; produces
(1 —22,)*/(2 - 2%); further integrations over z,,_, through
z) give the overall result (1 — z2)" /2™m!. Equation (44) is
thereby reduced to

S(ny,nip,0) =

We continue by writing z° as its expansion in powers of
either (1 + z) or (1 —z), i.e., as one of

g

=3¢ )<1+zy‘—j§0<—1y‘(j Ja-a.

=0
(40)
We insert these expressions into Eq. (45) in a way that
leads to
(o
=0

Z)'1+'11+j(1

7Z)m+(17 )n+m+j(1+ ) ]

X O/dz[(1+

(47)

We next process Eq. (47) by carrying out n+m+j
integrations by parts, repeatedly differentiating the fac-
tors that were originally at powers n+m+j and inte-
grating the other factors. At each step the boundary
(integrated) terms vanish. The differentiations produce
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(for each term) a factor (n+ m+j)!, while the integra-
tions generate (in the denominator) the product (m +
1)(m+2)---(2m+n+j). At each step the (—1) from
the integration by parts cancels against a similar quantity
from the integration or differentiation of the (1 —z)
factor. The overall result is

1)’ < e n+m-+j)m!
S(nz,mzaa) = 2<m+13n!;(_1)](j > m

1
> /dZ |:(1 _ Z)n+2m-‘rj + (1 + Z)n+2m+j:| ]
0

(48)

The  integral in  Eq. (48) has the  value
22+ [(n 4 2m + j + 1). Inserting that value, cancel-
ing m!, expanding the binomial coefficient, and replacing n
and m by the quantities they represent, we have

aAn, - (_1 jO'j (n +Jj ! 2]
S(na,n1z,0) = (=1)"2 ;(6 )j)! (n2+n?2 Jr];+l)!j_!.
(49)

Converting to Pochhammer symbols, Eq. (49) becomes

S(ny,nip,0) =

(—1)02”2712! zﬂ:(ia (l’lz + l)j 2]
(n2+n12+1)!j:0 J (n2+n12+2)j j

(50)

Because (—o) ; vanishes for j > ¢, we can extend the sum-
mation in Eq. (50) to infinity, thereby causing the sum to
correspond to the definition of a hypergeometric function;
compare with Eq. (35). The result then reduces to Eq. (34).
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